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In the paper several specified models of ballast longitudinal resistance to 

behaviour of CWR track have been analysed. The considered problem is connected with 
local track segments in which horizontal displacements of rail cross-sections occur. The 
displacements occur mainly because of real non-uniform temperature distributions over 
the length of CWR track (e.g. variable insolation of rail, variable temperature of rails to 
sleepers fastening) [11,12,16]. On the grounds of empirical characteristics, the obtained 
formulae and dependences allowed an analysis of displacement distribution along the 
track and also an examination of forces and stress distribution. Similar phenomenon also 
occurs within the so-called ‘breathing’ ends of CWR track [5,9]. A significant influence 
of railway works (e.g. railway tamping) on a range of local temperature changes 
interaction along the track has been shown [1,2]. 
 
Key words: CWR track; ballast longitudinal resistance; rail axial displacement; 
local rail temperature changes 
 
 
1. INTRODUCTION 
 

Horizontal displacements of track u  due to temperature changes generate 
a horizontal reaction of ballast - ( )r u , which depends on its rail displacement u  
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of cross-section of a track (Fig. 1) [3,13,15]. The resultant reaction, acting at a 
certain eccentricity relative to the rail axis, causes track bending in a vertical 
plane [2,3,14,15]. 
 

 
 

Fig. 1. Characteristics of ballast longitudinal resistance r(u) 
 

A longitudinal resistance of the ballast in the track depends above all on: 
the kind and condition of rail fastening to the sleepers, type and spacing of the 
sleepers, kind, quantity and degree of the ballast consolidation. The resistance 
can also be influenced by temperature, humidity and ballast pollution as well as 
track maintenance. 
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Fig. 2. Schematic analytical drawings 
 

As can be seen in the diagram, ballast resistance ( )ur  depends (in a non-
linear way) on thermal displacement u of the track till certain displacement limit 
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is reached. Above this point, it assumes the limit value of gr  and does not 

change despite a further increase in displacement u (Fig. 1). 
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Fig. 3. Ballast longitudinal resistance [8] 

a)a – longitudinal resistance at wooden sleeper spacing of 65 cm (22 sleepers per span) 
  b – longitudinal resistance at wooden sleeper spacing of 65 cm (11 sleepers per span) 

                      c – longitudinal resistance at variable wooden sleeper spacing (K- sleeper spacing) 
     d – longitudinal resistance at variable pre-stressed concrete sleeper spacing (K- spacing) 

      b) wooden sleepers: 1 – consolidated ballast; 2 – tamped ballast; 3 – supplementary model 

 
Considering the effect of horizontal CWR track displacements occurring 

locally, due to non-uniform rail temperature distribution t, one should take into 
account the variable ballast resistance over the track length and variable thermal 
conditions, occurring during track laying. They are generally characterized by a 
variable temperature of the rail to sleeper fixing tP. The temperature difference 
occurring while fixing in track cross-sections ∆t t tP= − , causes a non uniform 

distribution of longitudinal thermal force N E A tt S t= ⋅ ⋅ ⋅α ∆  [11] in the real 
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continuous welded rail track. Its course is shown schematically by the 
continuous line in Fig. 2. This non-uniformity is additionally increased by the 
influence of continuous welded rail track creep under traffic, which causes 
unfavourable changes in the temperature layout tP  [3]. A dashed line in Fig. 2 
denotes, on the other hand, the analytical distribution of thermal force Nt0. For 

the distribution of N t 0  in the central part of CD ( )N constt 0 = .  we have u=0 

(confined length of CWR track). On the other hand u ≠ 0  (2nd order parabola) 
occurs over the - so called - moving (breathing) ends of length lr , where N t 0  is 

of linear distribution (for r rg= , Fig. 4a). The computed (trapezoidal) 

distribution of N t 0  in Fig. 2 thus corresponds to the case of the behaviour of a 

straight, CWR track at a uniform temperature increase over its entire length, for 
tp=const. [2,3]. 
 
 
2. CHARACTERISTICS OF BALLAST LONGITUDINAL   

RESISTANCE IN THE RAILWAY TRACK 
 

The characteristics of longitudinal track resistance obtained empirically on 
the basis of the influence of railway works (e.g. railway tamping) are shown in 
Fig. 3 [4,8]. 

In order to simplify the track stability problem, the real, non-linear  
characteristic of longitudinal resistance is most often replaced by linear models 
(Fig. 4). 
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Fig. 4. Models of longitudinal resistance of the ballast 
 
 
3. LONGITUDINAL DISPLACEMENT STATE IN CWR TRACK 

DUE TO LOCAL RAIL TEMPERATURE CHANGES 
 

Arising forces ∆N  over the length of the track, due to local temperature 
differences (shown schematically in Fig. 2), cause local, zoned horizontal 
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displacements of transverse rail cross-sections, of maximum values from u i0 1, −  to 

u i0 4, + . The longitudinal track displacements in turn induce the horizontal reaction 

of ballast r(u) to the degree allowed by the value of u. For the description of 
function r(u) several models shown in Fig. 4 have been used. 

Considering e.g. the influence of force 

( )∆ ∆ ∆N N N E A t tti t i t i S t i i= − = ⋅ ⋅ ⋅ −− −, , 1 1α  

on the behaviour of the track, assuming grr =  (model from Fig. 4a), we obtain 

[2,3,10] 
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The calculation schematics and the approximate course of u and Ntd 
functions in local co-ordinates are shown in Figs. 5 and 6. 
 

 
 

Fig. 5. Calculation sketch 
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For the model from Fig. 4b, with r k u= ⋅1 , we obtain [2,6]: 
 

u
N

E A
eti

S

x=
⋅ ⋅ ⋅

⋅ − ⋅∆
2 α

α , N
N

etd
ti x= − ⋅ − ⋅∆

2
α , lw = ∞  

(3.3) 
 

 

where α =
⋅

k

E AS

1  (basic railway parameter in the longitudinal direction [6]). 

In turn, for the model from Fig. 4d, with r r k u= + ⋅0 1 , we obtain 
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where α =
⋅

k

E AS

1 , β =
⋅

r

E AS

0  (basic railway parameters in the longitudinal 

direction [6]). 
If guu >max , one should apply a model of roadbed e.g. from Fig. 4e. For 

this model of roadbed longitudinal resistance, we obtain [2]: 
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2 = , (non-linear distribution of ∆N), 

 

 
(3.10) 

a a ar = +1 2 , (3.11) 
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3.1. Examples of computations 

The computations were carried out for CWR track UIC60 (60E1) (wooden 
sleepers, crushed stone ballast), assuming the local co-ordinates (Fig. 5) and 
taking the following data into account: 

 

MN3228AES =⋅ , 
K

1
1015.1 5

t
−⋅=α , m/MN003.0r0 = , 

 

m/MN010.0rg = , MPa4.1k1 = , m005.0ug =  (c.f. Figs. 1 and 3a). 
 

We assumed: ( ) K0.7t i =∆∆ , where: ( )∆ ∆
∆

t
N

E Ai
ti

S t

=
⋅ ⋅α

, at which 

 

 ( )∆ ∆ ∆N N N E A t tti ti t i S t i i= − = ⋅ ⋅ ⋅ −− −, 1 1α , 
 

∆t t t ti i pi s= − − , ∆t t t ti i p i s− − −= − −1 1 1, , t - rail temperature, tp - temperature 

at rail fastening to the sleepers, t
N

E AS
S

S t

=
⋅ ⋅α

, NS  - horizontal reaction at 

the rail joint due to thermal effects, ( )MN20.0NS ≅ , 
 

( ) ( ) ( )∆ ∆ ∆ ∆t t t t t t ti i i i i pi p i= − = − − −− − −1 1 1, . 
 

Hence ( ) MN26.0tAEN itSti =∆∆⋅⋅⋅=∆ α . 

 
For the above data we obtain: 
1°°°° - model from Fig. 4a. 

4526 10618.2x10027.4x10549.1u −−− ⋅+⋅⋅⋅⋅= ∓ , 
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for: ( )x > −0, , ( )x < +0, . 

For x = 0 , m10618.2u 4
max

−⋅= , i.e. m100.5uu 3
gmax

−⋅=< . 

130.0x01.0N td ∓⋅= , ( )x > −0, , ( )x < +0, , m0.13lw = , 

m/MN01.0
dx

ud
AErr 2

2

Sg −=⋅⋅−==  (in accordance with the assumed 

model). 

 
 

Fig. 7. Distribution of function r(x) for the model from Fig. 4a 
 
 
2°°°° - model from Fig. 4b. 

24

S

1 m103369.4
AE

k −−⋅=
⋅

=α , 12 m100826.2 −−⋅=α , 

( )x100826.2exp109338.1u 23 ⋅⋅⋅⋅= −−
∓ , for ( )x > −0, , ( )x < +0, . 

For x = 0 , m109338.1u 3
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−⋅= , i.e. m100.5uu 3
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−⋅=< . 
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dx

ud
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2
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min

−⋅−= , 

( )x100826.2exp130.0
dx
du

AEN 2
Std ⋅⋅⋅=⋅⋅= −

∓∓ , 

lw = ∞ , lim
x

tdN
→±∞

= 0 , lim
x

r
→±∞

= 0  (in accordance with the assumed 

model). 

 
 

Fig. 8. Distribution of function r(x) for the model from Fig. 4b 
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3°°°° - model from Fig. 4d. 

24 m103369.4 −−⋅=α , 17

S

0 m102933.9
AE

r −−⋅=
⋅

=β , 

( )( )[ ]9024.0harcsinx100826.2cosh1101429.2u 23
∓⋅⋅−⋅⋅−= −− , 

for: ( )x > −0, , ( )x < +0, . 

( )[ ]8107.0x100826.2cosh1101429.2u 23
∓⋅⋅−⋅⋅−= −− . 

For x = 0 , ( ) m104354.7347.11101429.2u 43
max

−− ⋅=−⋅⋅−= , 

i.e. m100.5uu 3
gmax

−⋅=< . 

( )8107.0x100826.2sinh1441.0
dx
du

AEN 2
Std ∓⋅⋅⋅=⋅⋅= − , 

for x = 0 , MN13.0N td ∓= , m9273.38lw = ; for x lw= : u = 0 , 

N td = 0 , 

( )8107.0x100826.2cosh003.0
dx

ud
AEr 2

2

2

S ∓⋅⋅⋅−=⋅⋅−= − , 

for x lw= ± , m/MN003.0r −= ; 

for x = 0 , m/MN004041.0003.0347.1r −=⋅−= . 

ω = =
−

∫ r dx MN
lw

0 130
0

, , rśr m/MN00334.0
lw

−=−= ω
. 

 

 
 

Fig. 9. Distribution of function r(x) for the model from Fig. 4d 
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Fig. 10. Railway track axial displacements for different models 

 
As can be seen, extreme displacements were obtained for model 

( ) ukur ⋅= 1 , and the smallest displacements for model ( ) grur = . 

 
For the data from Fig. 3 (0r  , gu  and 1k in particular) we obtain: 

 
- consolidated ballast 
4°°°° - the model from Fig. 4d 

24 m106430.3 −−⋅=α , 12 m109087.1 −−⋅=α , 

16

S

0 m105613.1
AE

r −−⋅=
⋅

=β , 

( )( )[ ]4923.0harcsinx109087.1cosh1102857.4u 23
∓⋅⋅−⋅⋅−= −− , 

for: ( )x > −0, , ( )x < +0, . 

( )[ ]4743.0x109087.1cosh1102857.4u 23
∓⋅⋅−⋅⋅−= −− . 

For x = 0 , ( ) m109122.41146.11102857.4u 43
max

−− ⋅=−⋅⋅−= , 

i.e. m100.1uu 2
gmax

−⋅=< . 

( )4743.0x109087.1sinh2641.0
dx
du

AEN 2
Std ∓⋅⋅⋅=⋅⋅= − , 

for x = 0 , MN13.0N td ∓= , m8513.24lw = ; for x lw= : u = 0 , 

N td = 0 , 

( )4743.0x109087.1cosh00504.0
dx

ud
AEr 2

2

2

S ∓⋅⋅⋅−=⋅⋅−= − , 

for x lw= ± , m/MN00504.0r −= ; 

for x = 0 , m/MN0056177.000504.01146.1r −=⋅−= . 
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∫
−

==
wl

0

MN130.0dxrω , rśr m/MN0052311.0
lw

−=−= ω
. 

 
5°°°° - the model from Fig. 4b 

24

S

1 m102043.5
AE

k −−⋅=
⋅

=α , 12 m102813.2 −−⋅=α , 

( )x102813.2exp107653.1u 23 ⋅⋅⋅⋅= −−
∓ , for ( )x > −0, , ( )x < +0, . 

For x = 0 , m107653.1u 3
max

−⋅= , i.e. m100.1uu 2
gmax

−⋅=< . 

( )x102813.2exp109657.2uk
dx

ud
AEr 23

12

2

S ⋅⋅⋅⋅−=⋅−=⋅⋅−= −−
∓ , 

for x = 0 , m/MN109657.2r 3
min

−⋅−= , 

( )x102813.2exp130.0
dx
du

AEN 2
Std ⋅⋅⋅=⋅⋅= −

∓∓ , 

lw = ∞ , lim
x

tdN
→±∞

= 0 , lim
x

r
→±∞

= 0  (in accordance with the assumed 

model). 
 
- tamped ballast (Fig. 3) 
6°°°° - the model from Fig. 4d 

24 m106021.2 −−⋅=α , 

12 m106131.1 −−⋅=α , 17

S

0 m102043.5
AE

r −−⋅=
⋅

=β , 

( )[ ]0465.1x106131.1cosh1100.2u 23
∓⋅⋅−⋅⋅−= −− , 

for: ( )x > −0, , ( )x < +0, . 

For x = 0 , m101988.1u 3
max

−⋅= , i.e. m100.1uu 2
gmax

−⋅=< . 

For the tamped ballast, contrasted to the consolidated ballast, we have: 

44.2
109122.4

101988.1
4

3

=
⋅
⋅

−

−
, i.e. about 2.5-times increase in the displacement 

for x = 0 . 

( )0465.1x106131.1sinh1041.0
dx
du

AEN 2
Std ∓⋅⋅⋅=⋅⋅= − , 

for x = 0 , MN13.0N td ∓= , 
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m8742.64lw =  (i.e. 2.61-times greater wl  than for the consolidated 

ballast); 
for x lw=  we have: u = 0 , N td = 0 , 

( )0465.1x106131.1cosh00168.0
dx

ud
AEr 2

2

2

S ∓⋅⋅⋅−=⋅⋅−= − , 

for x lw= ± , m/MN00168.0r −= ; for x = 0 , 

m/MN002687.0r −= . 

∫
−

==
wl

0

MN130.0dxrω , rśr m/MN0020039.0
lw

−=−= ω
. 
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Fig. 11. Railway track axial displacement for different ballast state 
 

The diagram above shows the influence of both the ballast consolidation 
and the model assumed on the analysis of rail longitudinal displacements. 
In the case of greater temperature differences along the track reaching a value of 
20÷23 [K] [7], we obtain: guu > . For this case the model from Fig. 4e is 

suitable. 
Considering only the right part of the railway track for which we have 

2

N∆
 we obtain: 

 
- consolidated ballast (Fig. 3) 
7°°°° - the model from Fig. 4e 

Value of [ ]K23t =∆  was assumed (from condition: 01 =a , we have: 

( ) ( )
αα

δ
δβ

⋅
+

⋅−⋅=∆
t

t
1

1* , resulting in: [ ]K62.22t =∆ ) giving: 

24 m106430.3 −−⋅=α , 16* m105613.1 −−⋅=β , 333,3=δ , 
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16 m102043.5 −−⋅=γ , 4
t 106450.2t −⋅=∆⋅α ; 

m8442.0a1 = , m1746.98a2 =  → m0188.99ar = , 
 

for 0 1≤ ≤x a : 

( ) m100221.10u 2−⋅= , 

( ) m100.1au 2
1

−⋅= , 

( )
m

MN
0168.00r = , 

( )
m

MN
0168.0ar 1 = , 

for a x ar1 ≤ ≤  

( ) m100.1au 2
1

−⋅= , 

( ) m0.0au r = , 

( )
m

MN
0168.0ar 1 = , 

( )
m

MN
00504.0ar r = . 

 
- tamped ballast (Fig. 3) 
8°°°° - the model from Fig. 4e 

Value of [ ]K17t =∆  was assumed (from condition: 01 =a , we have: 

( ) ( )
αα

δ
δβ

⋅
+

⋅−⋅=∆
t

t
1

1* , resulting in: [ ]K59.16t =∆ ) giving: 

24 m106021.2 −−⋅=α , 17* m102043.5 −−⋅=β , 0.6=δ , 
16 m101226.3 −−⋅=γ , 4

t 109550.1t −⋅=∆⋅α ; 

m4840.1a1 = , m6091.153a2 =  → m0931.155ar = , 
 

for 0 1≤ ≤x a : 

( ) m100287.10u 2−⋅= , 

( ) m100.1au 2
1

−⋅= , 

( )
m

MN
01008.00r = , 

( )
m

MN
01008.0ar 1 = , 

for a x ar1 ≤ ≤  

( ) m100.1au 2
1

−⋅= , 

( ) m0.0au r = , 

( )
m

MN
01008.0ar 1 = , 

( )
m

MN
00168.0ar r = . 
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Fig. 12. Railway track axial displacement for consolidated and tamped ballasts 

 
As can be seen, in spite of smaller temperature difference, displacements 

for the tamped ballast have greater values and a greater action range (for guu >  

model 4e). 
 
4. CONCLUSIONS 
 
1. In the paper the influence of railway works (e.g. railway tamping) on action 

range of N∆  force on distribution of displacements ( )xu  and resistance 

( )ur  along the track has been shown. 
2. From the above analysis the influence of the actual ballast state on the 

longitudinal displacement can be determined. For the consolidated ballast 
(Fig. 3) the critical temperature increase for model e amounts to 23 [K] (case 
7°°°°), and for the tamped ballast (case 8°°°°) 17 [K]. The action range of the 
increased thermal force also increases from 99.02 m for the consolidated 
ballast to 155.09 m for the tamped ballast. 

3. For small temperature increases ( [ ]K7t ≈∆ ) where displacements 

guu <max  one can use models a, b and d from Fig. 4 (cases 1°°°°-6°°°°). 

However for guu >max  (high temperature increase) the model from Fig. 4e 

is suitable. 
4. Equally as in the case of ∆N ti , the effect of force ∆N t i, +1  on the state of 

displacements and longitudinal forces in ai+1  segment of the CWR track 

(see Fig. 2) can be examined, assuming - in turn - for ∆N t i, +1  the orientation 

of x axis of the local co-ordinates in the right-hand direction, according to 
the direction and orientation of this force. 

5. For large values of ∆t , e.g. [ ]K45t =∆ , which are accompanied by high 
values of compressive forces in the rails, the CWR track is subjected to large 
longitudinal displacements, larger than ug , taking place above all in the 
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breathing ends. For the analysis of such displacements of railway track 
models from Figs. 4a, b or c are suitable [2,3,4]. 
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