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In the paper several specified models of ballastgitodinal resistance to
behaviour of CWR track have been analysed. Theideresl problem is connected with
local track segments in which horizontal displacetsef rail cross-sections occur. The
displacements occur mainly because of real noretmiftemperature distributions over
the length of CWR track (e.g. variable insolatidrrail, variable temperature of rails to
sleepers fastening) [11,12,16]. On the groundsngfigcal characteristics, the obtained
formulae and dependences allowed an analysis pfadisment distribution along the
track and also an examination of forces and sttestgbution. Similar phenomenon also
occurs within the so-called ‘breathing’ ends of CW&ck [5,9]. A significant influence
of railway works (e.g. railway tamping) on a rangé local temperature changes
interaction along the track has been shown [1,2].

Key words: CWR track; ballast longitudinal resistanrail axial displacement;
local rail temperature changes
1. INTRODUCTION

Horizontal displacements of track due to temperature changes generate
a horizontal reaction of ballastr{u) , which depends on its rail displacement
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of cross-section of a track (Fig. 1) [3,13,15]. Tresultant reaction, acting at a
certain eccentricity relative to the rail axis, sas track bending in a vertical
plane [2,3,14,15].
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Fig. 1. Characteristics of ballast longitudinalistesncer(u)

A longitudinal resistance of the ballast in theckr@epends above all on:
the kind and condition of rail fastening to theeglers, type and spacing of the
sleepers, kind, quantity and degree of the ballagsolidation. The resistance
can also be influenced by temperature, humidity lzaithst pollution as well as
track maintenance.
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Fig. 2. Schematic analytical drawings

As can be seen in the diagram, ballast resista(m)a depends (in a non-
linear way) on thermal displacemenof the track till certain displacement limit



The influence of ballast longitudinal resistance .. 7

is reached. Above this point, it assumes the lwaiue of r; and does not
change despite a further increase in displacem@rig. 1).

a)
; 10 MN/m
H K=0,77
r110°% MN/m e i i e i AL
10 —r—— 10 7 K:0'77m
s =" & sl g —] d
I I o e o A
/ 4
s A
7 /
2 10% m ° 10% m
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
b)
12

Longitudinal resistance F [kMislesper]

D t t t T T T ¥ L T T t t t t
0 2 4 6 & 1012 1416 15 20 22 24 26 25 30
Displacement up [mm]

Fig. 3. Ballast longitudinal resistance [8]
a)a — longitudinal resistance at wooden sleepaisgaf 65 cm (22 sleepers per span)
b — longitudinal resistance at wooden sleepetiagaf 65 cm (11 sleepers per span)
¢ — longitudinal resistant@ariable wooden sleeper spacing (K- sleeper sgaci
d — longitudinal resistance at variable pressted concrete sleeper spacing (K- spacing)
b) wooden sleepers: 1 — consolidated balasttamped ballast; 3 — supplementary model

Considering the effect of horizontal CWR track thsements occurring
locally, due to non-uniform rail temperature distitiont, one should take into
account the variable ballast resistance over #ektiength and variable thermal
conditions, occurring during track laying. They generally characterized by a
variable temperature of the rail to sleeper fixtagThe temperature difference
occurring while fixing in track cross-sectiodd =t —t,, causes a non uniform

distribution of longitudinal thermal forc®, = Eg [Ala, [At [11] in the real
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continuous welded rail track. Its course is showshesnatically by the
continuous line in Fig. 2. This non-uniformity isldationally increased by the
influence of continuous welded rail track creep emdraffic, which causes
unfavourable changes in the temperature layguf3]. A dashed line in Fig. 2
denotes, on the other hand, the analytical digidbuwf thermal forceN,. For

the distribution ofN,, in the central part o€D (Nto = const.) we haveu=0

(confined length of CWR track). On the other hamg 0 (2™ order parabola)
occurs over the - so called - moving (breathingjsenf lengthl,, where N, is

of linear distribution (for r =r,, Fig. 4a). The computed (trapezoidal)

distribution of N,, in Fig. 2 thus corresponds to the case of the\lehaof a

straight, CWR track at a uniform temperature inseeaver its entire length, for
t,=const. [2,3].

2. CHARACTERISTICSOF BALLAST LONGITUDINAL
RESISTANCE IN THE RAILWAY TRACK

The characteristics of longitudinal track resistanbtained empirically on
the basis of the influence of railway works (eajlway tamping) are shown in
Fig. 3[4,8].

In order to simplify the track stability problemhet real, non-linear
characteristic of longitudinal resistance is mdstroreplaced by linear models
(F
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Fig. 4. Models of longitudinal resistance of thdldmst

3. LONGITUDINAL DISPLACEMENT STATE IN CWR TRACK
DUE TO LOCAL RAIL TEMPERATURE CHANGES

Arising forces AN over the length of the track, due to local tempeea
differences (shown schematically in Fig. 2), cadeeal, zoned horizontal
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displacements of transverse rail cross-sectionsjafimum values fromu,;_, to

Ug;.4- The longitudinal track displacements in turn icelthe horizontal reaction

of ballastr(u) to the degree allowed by the value wfFor the description of
functionr(u) several models shown in Fig. 4 have been used.
Considering e.g. the influence of force

ANy =N;; =N, = Es[ALa, [thi - Ati—l)
on the behaviour of the track, assuming r, (model from Fig. 4a), we obtain
[2,3,10]

r AN, %
u=——— %% - Ik + AN , (3.1)
2[Eg [A 2LE; [A 8EESDADT9 '
- ANy _ AN,
Ntd - rg D( - 2 4 IW - 2 I] " (3.2)

The calculation schematics and the approximate seowf u and Ny
functions in local co-ordinates are shown in Figand 6.
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Fig. 5. Calculation sketch

A uNg
u max u
= o\ +
Nig 0,5'A Ny
o, o,

Fig. 6. Diagrams of functionsandNy



10 Wiodzimierz Andrzej Bednarek

For the model from Fig. 4b, with = kl (U, we obtain [2,6]:

ANg _ ANy (3.3)
u= tl [e\/E@’ Ntdz_ tl B?\/E&,IWZOO
2(Eg ALQ/a 2
Kq L . - .
wherea = (basic railway parameter in the longitudinal diiec [6]).

Es
In turn, for the model from Fig. 4d, With:r0+k1 [u, we obtain

__B (g gla )]
u-—;[{l— cosh((\/a D<)+arcsmh(mn , (3.4)
_BEGIA | . . aNg Gla
Ntd —TEE{th((\/E D()+arc3nh{m} :l, (35)
. ANy
W= e E’”C“‘”“(%j ’ 36)

k r
where g = —+ , B= 0 (basic railway parameters in the longitudinal
Eg[A Eg[A
direction [6]).
If Upax >Ug, Oone should apply a model of roadbed e.g. from 4&g For

this model of roadbed longitudinal resistance, W& [2]:

for 0 X< &y,

u:LZ/E(xz—af)—(yml+’%E§nh(\/5mz)JE(x—al)+ug, (3.7)

*

a, = 1 Eﬁat [At - B sinh(arccos h(é_))) , (linear distribution oAN),  (3.8)

y Ja

for gy < X< a,

u= —’[;—* Eﬁ— cosh(\/E Ha, - x))) (3.9)
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a, =iarccosh(5), (non-linear distribution oAN), (3.10)
Ja |
a = tay, (3.11)
where:
s=1+ Ly, = g=_T0
4 EglA Eg[A
r + * — g AN
y=—2 =fo Ky 0 = +ally, a, Mt=—t=—"—.
EsCA Eg[A Es 2[Eg[A

3.1. Examples of computations

The computations were carried out for CWR track @ @60E1) (wooden
sleepers, crushed stone ballast), assuming thé ¢oeardinates (Fig. 5) and
taking the following data into account:

Eg[A =3228MN, a, = 1150107 % r, = 0.003MN /m,

ry =0.010MN/m, k; =14 MPa, ug, =0.005m (c.f. Figs. 1 and 3a).

ANy

——, at which
E; AL,

We assumedA(At), = 70 K , where:A(At), =

ANy = Ny = Nyj_g = Eg DAy [t - 4tj_y),

Ay =t -t —t, At =t — T, — L, t - rail temperature, - temperature
_Ns

E. A,
the rail joint due to thermal effect(sl,\lS 0020 MN) ,

at rail fastening to the sleepets, = N - horizontal reaction at

A(At)i =4 -A, = (ti - ti—l) - (tpi - tp,i—l) :

HenceAN, = Eg[A [&r, [A(At) = 026 MN .

For the above data we obtain:
1° - model from Fig. 4a.

u=1549M10"° X% 7 4.027010°° X + 2.618[107*,
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for: x>0,(=), x<0,(+).
max = 26180107 M, i.e. Uy, < Uy = 500107 m.
N = 001X ¥ 0.130, x>0,(-), x<0,(+), I, =130m,

For x=0, u

“u
r=ry=-EglA B(% =-001MN/m (in accordance with the assumed
X

model).
_“_I(xj 1z
s |7 de = AN, = 0,26 MV
i — Y a3
[T 7™ ] | r=r, =001MN /m

1% - model from fig. 4a

13.0m130m 5 =2.130=250m
g =21,

Fig. 7. Distribution of functiom(x) for the model from Fig. 4a

2° - model from Fig. 4b.

o=—K1_ 4336010 m2, Ja = 20826102 m.

S
U =1.93380107 [exply 208260102 [X), for x>0,(-), x<0,(+).

For X=0, Uy, =1.9338107° m, i.e. Upg < Uy =500107° m.

2
r=—Eg A Bj—‘; = —k, [l = -2.707310°° [expls 2082601072 X),
X
for x=0, ry, =-2.707310° MN/m,
Ny = Es A B;L“ = 0.130(xplT 208261072 [),
X

|, =, lim N, =0, limr=0 (in accordance with the assumed

X — Foo X — Foo

model).

2. frixidr = Al = 0,26 MV
() :

0
—_— - — l—h——h—,—h——h——h——h——h—

&,

@y =

2° - model fom fig. 4b #0)= - 0,0027 MN /m

Fig. 8. Distribution of functiom(x) for the model from Fig. 4b
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3° - model from Fig. 4d.

o =4336910% m2, f=—0° _=92933107 m?,
E.[A

U =-2.14290107 [fi - cosH2.082611072 x F arcsinh(0.9024),
for: x>0,(=), x<0,(+).

u=-2.14291107 i - cosH2.08261072 x + 0.8107) .

For X=0, Uy, = -2.142900° [{1-1.347) = 7.4354010* m,
<u, =50010°m.

I.€. Umpax

Ny =Es[A E—? = O.1441E‘lﬁsinh(2.0826EL0_2 XF 0.8107),
X
for x=0, Ng=F013vN, [, =389273m; for x=1,: u=0,
Ny =0,
2
r=-Eg[A Bj—tzj = —O.OO3E:OSI{2.0826ELO'2 XF 0.8107),
X

for x==%I,, r=-0.003MN/m;
for x=0, r=-1.347(0.003=-0.00404IMN /m..

_IW
w= j rdx=0,130MN, r, = _Ii =-0.00334MN/m.
0

w

-33927
2o |rixide= ANy =026 MW

13 :

A %\_\_L@i_______#—%\
- 0,003 M fm w0 - 000404 W irn - 0,003 LM fm
3% - model fom fig 4d Al

b = = (1[I0 M
211,

I, =38927 m I, = 385927 m
23 =2-1,=71854 m

Fig. 9. Distribution of functiom(x) for the model from Fig. 4d
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Fig. 10. Railway track axial displacements for eliint models

As can be seen, extreme displacements were obtdioedmodel
r(u) =k, [, and the smallest displacements for mdt(al) =Ty4.

For the data from Fig. 3§ ,uy and k, in particular) we obtain:

- consolidated ballast
4° - the model from Fig. 4d

a=36430007 m?, Vo =1.9087107% m™,
e ESrOD\ =1561310° m™,
u=-4.2857010" [fL- cosH1.90871072 [ F arcsinh(0.4923)
for: x>0,(=), x<0,(+).

u=-4.2857107 [}~ cosH1.908710°2 x5 04743 .

For X =0, Uy, = —4.2857010 3 [{1-1.1146 = 49122110 m,
<u,=10010%m.

I.e. Upayx

N, = Eq A aj—“ = 0.26413inh(1. 90871072 (X 5 0.4743),
X
for x=0, Ng=F013MN, |, =248513m; for x=1,: u=0,
N =0,
2
r=-Eq A 927‘; = -0.005047¢0sH1.908710° [X F 0.4743,
X

for x=#I,, r =—-0.00504MN /m;
for x=0, r =-1.1146[0.00504= -0.0056177MN /m.
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_IW
w= Irdx =0.130MN ,rq= _Ii =-0.005231IMN/m:.
0

w

5° - the model from Fig. 4b

g=_K _co04a107* m2, Ja =22813102 m™,

S
u=1.7653010" [explF 228130107 X), for x>0,(-), x<0,(+).

For X=0, U, =1.7653107° m, i.e. Uy, <Uy = 10007 m.

max

2
r=-EgA Gj—l; = -k, [=-2.965710"° Eexp(rr 2.2813010°2 D(),
X
for x=0, r,.. =—2.9657010"> MN/m,
Ny =Eg A Gjﬂ = ;o.lso@xp(r, 2.281310°° D(),
X

|, =, lim N, =0, limr=0 (in accordance with the assumed

X — Foo X — Fo00

model).

- tamped ballast (Fig. 3)
6° - the model from Fig. 4d
a =2602110" m=2,

Ja=1613110%m™, g=—"0_=52043107 m™,
Eo A

u=-20010" - cosH161311072 X 71.0465),

for: x>0,(=), x<0,(+).

For X =0, Uy, =1.198810° m, i.e. Uy, < Uy = 10007 m.

For the tamped ballast, contrasted to the condelidaallast, we have:
1.198810°°
4.912:1107*
for x=0.

N, = Es[A Gjﬂ = 0.10418inh{1.613110° (X 710465,
X

max

= 244, i.e. about 2.5-times increase in the displacement

for x=0, Ny =F013MN ,
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|, =64.8742m (i.e. 2.61-times greatek, than for the consolidated

ballast);
for x=1, we have:lu=0, N, =0,

2
r=-Eg[A Bj—‘; = ~0.00168£0sHL613110°% (x 10465,
X

for X==l,, r =-0.00168MN /m; for x=0,
r =-0.002687MN /m.

_IW
w= Irdx =0.130MN ,rq= _Ii =-0.0020039MN /m.
w

0,002
0,0015

= 0,001
0,0005

X [m]

— — — —case 4° (consolidated ballast) case 5° (consolidated ballast) — = = case 6°(tamped ballast)

Fig. 11. Railway track axial displacement for diéfet ballast state

The diagram above shows the influence of both Hiladt consolidation
and the model assumed on the analysis of rail fodgial displacements.
In the case of greater temperature differencegyaiom track reaching a value of

20+23 [K] [7], we obtain:u>u,. For this case the model from Fig. 4e is

suitable.
Considering only the right part of the railway &aor which we have

AN )
—— we obtain:

- consolidated ballast (Fig. 3)
7° - the model from Fig. 4e
Value of At = 23[K] was assumed (from conditiom; =0, we have:

. J(o+1)
At=L 1/(5—15 E—lm, resulting in:At = 22.62[K]) giving:
t

a =36430010* m™, g =1561310° m™, 6 =3333,
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y =5.204300° m™, a, (At = 2.6450010*;
a; =0.8442m, a, =981746m — a, =99.0188m,

for 0< X< & for g < X< @
u(0)=1.0221102 m, u(a,)=1.011072 m,
u(a,)=100102 m, u(a,)=00m,
MN
r(0) = 0.0168MN | r(a,)=0.0168—,
m m
MN
r(a,) = 0.0168M—n|1\|, r(a)= 000504~ ~.

- tamped ballast (Fig. 3)
8° - the model from Fig. 4e
Value of At =17[K] was assumed (from conditiom; =0, we have:
R Jo+1)
At=L 1/(5—15 —————=, resulting in: At =1659[K]) giving:
a, Qla
a=2602100* m2, g =5204310" m™, =60,
y=3.122610° m™, g, (At =1.95500107;
a; =1.4840m, a, =1536091m — a, =1550931m,

for 0OS X< & for gy < xX<a
u(0)=1.0287102 m, u(a,)=1.011072 m,
u(a,)=10002m, u(a)=00m,
MN
r(0) = 0.01008% , r(a,)= 0.01008="=,
MN
r(a,) = 0.01008%, r(a)= 000168
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‘— — — —case 7° (consolidated ballast) #6r=23 [K] case 8° (tamped ballast) fat=17 [K] ‘

Fig. 12. Railway track axial displacement for cditaied and tamped ballasts

As can be seen, in spite of smaller temperatuferdifice, displacements
for the tamped ballast have greater values anéaeraction range (far>u

model 4e).

4. CONCLUSIONS

=

In the paper the influence of railway works (eajlway tamping) on action
range of AN force on distribution of displacements(x) and resistance

r(u) along the track has been shown.

2. From the above analysis the influence of theiacballast state on the
longitudinal displacement can be determined. Fer dbnsolidated ballast
(Fig. 3) the critical temperature increase for mad@mounts to 23 [K] (case
7°), and for the tamped ballast (ca®® 17 [K]. The action range of the
increased thermal force also increases from 99.0@rnhe consolidated
ballast to 155.09 m for the tamped ballast.

3. For small temperature increasesm(::?[K]) where displacements

Upax <Ugq ONe can use model, b andd from Fig. 4 (cased’-6°).

However foru

is suitable.
4. Equally as in the case &N,

displacements and longitudinal forces an,, segment of the CWR track

max > Ug (high temperature increase) the model from Fig. 4e

the effect of forceAN,;,, on the state of

(see Fig. 2) can be examined, assuming - in téwn AN, ;,, the orientation
of x axis of the local co-ordinates in the right-hamection, according to
the direction and orientation of this force.

5. For large values ofAt, e.g. At :45[K], which are accompanied by high
values of compressive forces in the rails, the CiWéRK is subjected to large
longitudinal displacements, larger than, taking place above all in the
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breathing ends. For the analysis of such displan&nef railway track
models from Figs. & b or c are suitable [2,3,4].
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