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In the past centuries, masonry arches were theuarogtion for builders having
to carry heavy loads over large spans. They wdez lzeglected as the advantages of
other solutions had been discovered. Today theyesept a contemporary challenge for
people engaged in heritage preservation. In acocsdwith international guidelines, the
interventions that are avoidable should be avomad an important responsibility is in
the hands of civil engineers and architects. Ascihatinuation of preliminary research
published in the present journal, this paper prepa@ innovative approach in the well-
known field of the Limit Analysis theory. After @art presentation of the context, the
arch limit behavior is formulated as a constraingtimization problem solved through
evolutionary strategies. A tool, implementing thigproach in the Matlab environment,
has been described and its validation has beeropedpby a comparison with numerical
results (ABAQUS) obtained on different morphologies

Key words: arch, masonry, assessment, heritageniaption, stochastic

1. INTRODUCTION

Although the masonry appeared around 3000 BC,édinsethat the re-
course to voussoir arches remained anecdotal tingiEtruscan period. Then,
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considered as an efficient spanning solution, d baen widely used for the
support of the Roman Empire expansion. The collajsthe Empire and the
consecutively induced reign of violence led toicait losses in technical mas-
tery. Some limited knowledge kept by some monasticmunities played an
important role in the technical re-deployment tivas required, during the Ro-
manesque period, for supporting of the developrnantrade (erection of
bridges) or the expansion of religion (erectiorimoportant cultural buildings).
The Gothic period took place in such a lineage @aped by morphological
evolutions allowing the builders to distribute fescinside the structures using
buttresses and flying-buttresses. After a Barogegog more dedicated to
decoration than to structural advances, the 18ttiucg and the 19th century
were respectively impressed by innovative desigrsan intensive recourse to
masonry arch for supporting the industrial revalntiBringing steel and rein-
forced concrete to the builders, this period map dle considered as the origin
of a disaffection for masonry arch solutions.

Facing such a plentiful history where the masomghaemained the
unique option for spanning during centuries, ie&sy to understand the con-
temporary problem of engineers: it is less of aerist for the arch design in
new constructions than for the arch assessmerdritage buildings.

This paper appears as the continuation of prelimimavestigations re-
cently published in the same journal [Lamblin et, RI006]. Due to the encour-
aging results obtained on academic problems wiH._tmit Analysis theory, we
propose to go one step further by developing dlflexapproach useable for the
structural assessment of masonry arch structuxedvied in heritage construc-
tions. After a short summary concerning Limit Ars$ygeneralities, a transpo-
sition to masonry systems is detailed and the dtetion of limit loading of
masonry arch structures is formulated as a conswlabptimization problem.
Due to the specificities inherent in heritage assent (realistic morphology
management and realistic material model managemamt)nnovative solving
approach based on evolutionary strategies is jedtdnd a practical implemen-
tation in the Matlab environment is proposed. Thalgically obtained results
compared with the numerically obtained ones on wlai-known academic
problem of Pippard’s arch submitted to a mobilenptwad qualify the proposed
procedure. A last example with a sophisticated gepis treated to illustrate
the potentialities provided by this innovative agmurh.
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2. LIMIT ANALYSIS FOR ARCH CALCULATION

2.1. Thought evolution

The analytical study of arch structures was irgtigin the 17th century by
Hooke who proposed an analogy with the hangingecdhterested in the cru-
cial problem of abutment stability, La Hire devetofthe force polygon tool and
noticed that an arch should collapse by formatiohimged blocks. Interested in
arch stability, Couplet proposed the straight lio@l and explained the collapse
through the formation of a block-hinge mechanismriby the 18th century,
Coulomb, discussing the problem of friction, untleed that sliding was possi-
ble but was rarely mobilized due to the usual matiion of the joints. He de-
duced that a collapse should only occur by fornmatib a block-hinge mecha-
nism. He proposed the thrust line tool and uséak itletermining bounds for the
horizontal thrust acting on the abutments (UppeniLEquilibrium and Lower
Limit Equilibrium). During the 19th century, Mery@posed an idealization of
the material and outlined a method for drawingttirest line. Durand-Claye, in
an attempt to think globally, proposed a methoddietermining all the equilib-
rium solutions associated to a given morphology andjiven load case.
Throughout the 20th century, as perpetuation ofi sucevolutive dual approach
(equilibrium and block-hinge mechanism consideredcomitantly), Kooharian
resorted to the Limit Analysis theory on the basfigreliminary research car-
ried out by Drucker. Heyman popularized the metbhgdintensive its usage.
Recently, advances in the solving procedure hawn loposed by Gilbert
(formulation of a constrained optimization problamd solving through Linear
Programming for academic problems) while inter@stimterial considerations
have been outlined by various authors. [DelbecglL§Gilbert, 1994] [Smars,
2000]

2.2. Generalities

The Limit Analysis theory has initially been devedol for studying the
structural behavior of steel frames. Later it weiereded to other structures like
plates or shells. In practice, it tends to deteantime limit multiplierl to be
applied to a given load case in order to causedhapse of a structure. To this
end, it relies on two theorems. The static oneaised on the equilibrium and
yield conditions. It provides a lower bound of the limit multiplier and is
enounced as: "Any limit load obtained from a ldistribution of internal forces
(i.e. a stress field that will balance the exteffoates and verify the yield condi-
tion) is a lower bound of the failure load". The&dmatic one uses the collapse
mechanisms. It provides an upper bound of the limit multiplier and is
enounced as: "Any limit load obtained from a litiechanism (i.e. a mechanism
that dissipates energy, is continuous and respleetboundary conditions) is an
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upper bound of the failure load". The effectivewsabf the limit multiplier may
then be derived from a combination of both theistanhd the kinematic theo-
rem. [Koiter, 1963 and Massonnet, 1967]

2.3. Transposition to masonry arch structures

It has been shown that, in the framework of thiessical assumptions
governing the behavior of the material, masonr atcuctures could be treated
inside the field of Limit Analysis theory: the comagsive strength should be
assumed as infinite, the tensile strength shoulddsemed as zero and the slid-
ing along the interfaces should be assumed as silgesRelying on these as-
sumptions, the unique possible mode of failurerofich structure appears to be
the formation of a collapse mechanism with "theéoedthinges" between two
adjacent voussoirs rotating around their commoreddgher at the intrados or
at the extrados). The plastic moment of resistévigef a masonry section may
be understood as a resistance against overtummitugéd by the geometry of the
section and the self weight. It is easy to postuthe corresponding yield sur-
face. The plastic flow being orthogonal to the ¢iaurface, the material is
"standard" and the problem may be treated in thmest of associated plastic-
ity. [Kooharian, 1952] [Heyman, 1982] [Save, 1983]

LEVEL OF REDUNDACY R =3

Fig. 1. Collapse mechanism and corresponding yigidtion

The fundamental theorems may be expressed in ahedys dedicated to
the masonry arch calculation.

Static theorem: "If one thrust line, in balancehnatll the applied external
loads and fully located inside the masonry arch bgyound, then the arch
will not collapse”.

Kinematic theorem: "If one kinematically admissildellapse mechanism
may be found, for which the work developed by exaetoads is positive or
zero, then the arch will collapse.”
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3. OPTIMIZATION PROBLEM

3.1. Formulation of an optimization problem

In practice, the limit calculation of masonry amsthuctures is articulated
around a two-step procedure. First, a kinematiaaggh is followed for postu-
lating an upper boundl+ of the effective limit multiplier by considering
mechanism approach. Second, a static approactiasvéal for verifying ifl +
could also be accepted as a lower bolundf the effective limit multiplier by
considering a thrust line approach.

‘ Kinematic theorem ‘
OPTIMISATION
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Fig. 2. Algorithm for the limit calculation of masry arch structures

The first step — Postulation — consists in findihg combination of R+1
hinges (R being the level of redundancy of the Jaratranged as a licit mecha-
nism that will correspond to the minimum value loé tupper boundl+ of the
limit multiplier. This may be treated as a consteal optimization problem
The objective functioly ; to be minimized is the valdet of the limit multiplier
and the gpdesign variables represent a combination of R¢élltailures. The n
constraint functiony; express the licitness of the mechanisms. Any vextor
satisfying the constraints is then a licit mechaménd is called a feasible solu-
tion, the set of all vectors X that satisfy the sipaints is called the feasible
region and the particular feasible solutiog,Xor which the objective function
exhibits its optimal value is called the optimadgéble vector.

The second step — Verification — consists in sg\he equilibrium equa-
tions. It requires to by-pass the static un-deteaton induced by the redun-
dancy of the structure. This could be done by imEpR complementary condi-
tions that may be expressed with regard to the IBedl failures.

! Finding the p design variables that lead to the optimal valuambbjective function
y o While respecting nequality or inequality constrainys
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3.2. Requirements for heritage assessment

3.2.1. Realistic morphology and discrete problem

Masonry arch structures exhibit limit behaviorshtygdependent on the
morphology. A tool dedicated to arch structure sssent should therefore be
able to take into account realistic morphologicafad In practice, several tech-
niques are currently used to catch the effectivephmogy of an existing struc-
ture: manual survey, automatic 2D survey throughgenrectification or auto-
matic 3D survey through laser scanning. A commoimtpbetween all these
approaches is the data storage in graphical comfilge constituting an inter-
esting basis for a limit calculation. Moreover, dbow a convenient manage-
ment of a global failure mechanism, a flexible eltderization of each local
failure is required.

We propose to consider each of thedasign variable as a cddassoci-
ated to one of the R+1 local failures necessamyctieve a collapse. The code
knowledge combined with morphological data (obtdifieom graphical com-
puter files) allows to compute the geometrical dauates related to the corre-
sponding local and global failure.

Masonry arches presenting a finite number of sestishere a local fail-
ure can take place (joint sections only), the desigriables exhibit a discrete
character and the optimization problem is a discosie.

3.2.2. Realistic material model and stochastic ageh

The calculation of masonry arch structures in ibklfof Limit Analysis
theory requires a hypothesis concerning the méateeiaavior. A tool dedicated
to the assessment of the existing arch structuaegditake easily into account
the possible improvements to come closer to thectffe behavior. Several
research teams are now working on this topic, pimgpfor instance a finite
value for the compressive strength and/or a now zatue for the tensile
strength. These modifications are of minor impareahecause of acting only on
the shape of the yield surfaces contrary to thesipoisy of sliding along the
interfaces requiring to enter the field of non-asated plasticity or to assume a
saw-teeth model of friction that induces dilatdittisg in order to remain in the
context of associated plasticity.

2 |n the framework of classical assumptions of thmmit Analysis theory (“theoretical
hinges" as a local failure), a design variable ddag characterized by a number between
1 and n+1 indicating the joint section where thggkitakes place combined with a polar-
ity subscript precising whether the hinge appeaithaintrados or at the extrados: TH7
represents a theoretical hinge that appears ainttedos of the joint section located
between voussoir 7 and voussoir 8
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In order to allow a further management of realistiaterial models, we
propose to develop the solving framework separdieiyn they, calculation
module: several independeyt calculation modules could then be proposed,
integrating the improvements of current researchalowing the researchers to
concentrate themselves on new developments.

The y calculation module, independent from the optimaatframe-
work, is required to choose an optimization metdedling with values rather
than with analytical expressions of the objectiwaction. Therefore, a stochas-
tic approach appears to be required.

3.2.3. Evolutionargtrategies for stochastic and discrete optimization

The discrete character of the design variables amedbwith the necessity
to consider a stochastic approach lead us to aireedo Evolutionary Strate-
gies. These are iterative methods where the saltti@n optimization problem
can be reached by imposing successive stochastli diacrete variations of
the design variables. The principle is based om#taral selection model where
individuals are submitted to mutations and selestid-rom generation to gen-
eration the parents will mutate (small variatiohshe design variables) in order
to give birth to several offspring. The individuddeing the best fitted to the
environment will survive and be selected for théofeing generation. These
methods have already been used in the field o€tstral mechanics where they
have expressed their effectiveness, robustnesssiamglicity of implementa-
tion.[Datoussaid et Al, 2006] [Descamps et Al, 006

| Parent individual | m | Offspring individual

selected ‘ High fitness H Low fitness ‘

Fig. 3. Algorithm of natural selection for the Eutibnary Strategies

3.3. Practical solving through Evolutionary Strateges

3.3.1. Parent population

The parent population is composedpofectors X of g design variables
Xk. The numbep of parents is within the same range as the numbdesign
variables. The parent population needed to initithte evolutionary process
should verify the constraints. This aim may be healcusing a random choice
combined with constraint verification. Althoughig simple to implement, it
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appears to be highly time consuming for sharplyfigoned problems. There-
fore we propose to use a systematically build medpation combined with a
mutation and selection process that will make theept population licit within
a few generations. Issued from a global scanninthefwhole structure, this
approach enforces the convergence of the process.

3.3.2. Mutation and offspring population

Once the parent population has been establishedtitation process
may be initiated. We propose to consider a spenifitation algorithm that will
randomly choose one out of thgdesign variables from one out of thgarent
individuals. Then a limited and discrete mutatioreaa will be determined
around the chosen value and a random choice of tieghbored values inside
this area will be performed, giving birth to threerresponding offspring indi-
viduals. This particular mutation method avoidséotrapped near a local opti-
mum and may be combined with a global polarity isian of the hinges that
can be decided on the basis of a random choicemlitation process is contin-
ued until the offspring population is countimgindividuals. This number will
generally grow with the complexity of the objectiftenction but a ratiov/p =
15 is usually targeted.

3.3.3. Individuals characterization

Once the parent and offspring populations have lestablished, the op-
timization solving framework will characterize tlygiality of each individual
through the estimation of the objective functiortéenal computation) and the
verification of constraint functions (internal coutation).

For the objective part, the optimization algoritiwill question an inde-
pendenty o calculation module about the value of the objecfiwection corre-
sponding to the individual. The objective functipy embodies mechanical
considerations based on the virtual works principl@eneral formulation may
be expressed on the basis of the work induced Wbyosels W, (X), the work
induced by permanent loatlg,(X) and the work induced by live loadlg,(X)
in the following form:

Wy (X) + Wp(X)

Po(X) =, = Wo(X)

For the constraint part, the optimization algoritkvitl, by itself, check
whether the individual satisfies the constraintctions y;. These functions
express the licitness of a mechanism.: the workded by live loading should
be strictly positive, the work induced by each ex&loading (self, permanent,
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live) should be positive and the considered codtapgchanism should be able
to mobilize.

h1(X) = |We(X] >0

(W) W, (X) W)
%(X){WP(X) P T o) 1}

YICR—M

7;[’3 (X) = 'm,a.fj;qu,g} 2 1

3.3.4. Selection and Process continuation or intption

Once each individual has been characterizedpthew individuals are
sorted according to thgy value they reached, the individuals that do ndsBat
the constraints being affected by a penalty. Tteay different best individuals
are chosen for establishing a parent populationtferfollowing step. If there is
not enough different individuals, some members kgliselected more than once
with a probability linked to their fitness.

The convergence of the process is estimated thrtheglevolution of the
y o valuesfor different individuals within the same generatior through the
evolution of the bestvalue in consecutive generations. Usually, thenomtn
is assumed to be reached when the values of tleetolg function are almost
equal within the same generation and do not vdot #om generation to gen-
eration.

4. CASE STUDIES

4.1. Tools presentation LAT & FEA

This part of the paper presents the results oldaivith two complemen-
tary approaches: an analytical one and a numesital The analytical approach
implements, in the Matlab environment, the innoxatsolving by optimization
through Evolutionary Strategies that has been destrabove. It is composed
of stand-alone routines that may be piloted eithea Graphical User Interface
or through a command line approach. It is compatitith most of the standard
graphical platforms for morphological data impddat A singley , calculation
module is available that considers the behaviothefmasonry material in the
framework of classical assumptions of the Limit A& theory ("theoretical
hinge" as local failure). The numerical approadtofes a modeling philosophy
that has recently been described in the same jb{lramblin et Al., 2006]. It
relies on an interfacial approach for simulating thehavior of the masonry
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material: the voussoirs are effectively modeledlevitile behavior of joints is
replicated using specific contact laws. The cakiomes are performed with
ABAQUS Standard: arbitrary high values of the ctditions are imposed on
the model and a non-linear analysis is conductethé occurrence of equilib-
rium impossibility in order to determine the valofethe limit multiplier and the
corresponding collapse mechanism.

4.2. Circular arch under mobile point load

This case concerns a well-known problem that iaraqf a research pro-
gram initiated by Pippard and Ashby and later cargd by Melbourne. [Pip-
pard et Al., 1939] [Melbourne et Al., 2001]
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Fig. 4. A system proposed by Pippard and the cedlgpedicted by Melbourne
The considered arch (span ~ 2.8 m, rise ~ 0.7 myngposed of 23 iden-

tical concrete voussoirs submitted to a preloaditgibourne has published, for

a point load of 1 daN applied at the center of dgyasf voussoir V6, d value
equal to 672 corresponding to a TH7%1524, collapse mechanism.
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Fig. 6. Comparison of limit multipliers - LAT, FE& Melbourne

Graphical comparisons of the collapse mechanisrdsliemit multipliers
obtained with the different approaches are proposspectively in Figure 5 and
Figure 6. They outline a convenient adequacy beatwhe numerical and ana-
Iytical results. For some load cases, the numerinathod expresses the
appearance of a particular hinge by completely mgea joint (effective hinge)
and partially opening its neighbor (possible hingB)e thrust line plotted in
analytical results allows to understand that baiintg proposed by the FEA
could lead to a collapse mechanism with similatugaldue to a double tangency
of the thrust line. Nevertheless, the optimizatigorithm used in the analytical
approach will determine the position of the hingattleads to the absolute mi-
nimal value for the load multiplier (effective hielgand only will inform about
the other one (possible hinge).

Fig. 7. Morphological data inside AutoCAD Software
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4.3. Arbitrary arch under arbitrary load

This case is a completely arbitrary one that insetadillustrate some po-
tentialities of the proposed analytical approache Btructure is composed of
blocks whose constitutive material is assumed tolbernai limestone (mass
density ~ 2.37). The arbitrary morphology is dikgdhherited from a survey
established in the AutoCAD Software (*.dxf file foat). The arch structure is
assumed to be loaded with the arbitrary load condition detailed in Table 1.

Tab. 1. Load configuration [ daN]
V0l1=0 |V02=0 | V03=0.3 V04=21 V05=006=0
VO07=0 |Vv08=0.1] VvV09=0| V10=0.1 VvV11=04 =01

The numerical approach outline$ aalue equal to 1727.8 corresponding
to a TH - 15,1013 collapse mechanism and the analytical approadmestal
value equal to 1730.9 corresponding to the samapsd mechanism. The col-
lapse visualization is proposed in Figure 8 andufeg, respectively for the
analytical and the numerical approaches. On theegaot, the analytical view
proposes the conclusions of the Postulation stejafise mechanism) and the
Verification step (thrust line and effectively corapsed section).

Fig. 9. The collapse mechanism predicted by nurakaipproach - FEA
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5. CONCLUSION

This paper describes an innovative method that®otfge opportunity to
take advanced morphological and material capadslitnto account in a very
flexible manner. The morphological capabilities &aalready been imple-
mented. They concern the possibility to take anglame or out-of-plane mor-
phology into account by proposing a coupling wittapghical computer files
supported by most platforms. The material capadilitoncern & o calculation
module that acts within the classical frameworkhad Limit Analysis theory.
The possibility to take ameliorated assumptions itcount is prepared. The
recourse to evolutionary strategies in order tovalihe structural assessment of
arches in existing buildings offers the requireekitbility while necessitating
only limited assumptions. A graphical synthesisspraging the strong and the
weak points of both the analytical and the numénwathods is proposed in
Figure 10.

Fig. 10. A Comparison of LAT and FEA approachesdiasing efficiencAAA A
]
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