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The following paper deals with some general aspects of inverse and back analysis 

techniques, which are commonly used in science and engineering. Lots of problems en-
countered in the investigation processes need inversion of standard seeking procedures. 
Such situations force researchers to work out an inverse problem using different kinds of 
back and inverse techniques. In the paper a few examples of back analysed problems 
concerning geometry evaluation have been presented. 
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1. INTRODUCTION 
 

Back and inverse analyses are generally well known as the computational 
techniques which can provide required information about unknown parameters 
controlling an investigated system or phenomenon using data generated as its 
output behaviour. In such approaches the main objective is usually to determine 
material constants, the initial stress state, initial loads, optimal geometry etc. 
Both analyses were already theoretically and practically examined in different 
domains of problems using field and laboratory investigations. 
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The paper is organized as follows. In section 2 a few examples of shape 
identification based on standard back analysis algorithm application have been 
presented. In Section 3 some remarks on present and future works have been 
included. Section 4 summarizes the concluding remarks on back and inverse 
analyses. 
 
 
2. SIMPLE EXAMPLES OF SHAPE DETERMINATION 
 

Back analysis in geotechnics is used mostly in strength and deformation 
parameters evaluation problems.  Nowadays, its application is quite easy and 
very efficient because of generally available high speed calculation machines 
and numerical applications. Many researchers use these powerful tools espe-
cially if prior information on expected results is available. Fig.1 presents a basic 
algorithm of back-analysis, which was used in strength parameters evaluations 
performed by the Author (e.g. see [1]: verification of shallow foundation’s bear-
ing capacity model tests, [2]: correction of subsoil parameters using “in situ” 
observations of grain elevators’ settlements).  The “field investigation” denotes 
a set of measurements and observation data provided by field and laboratory 
experiments. The prior information concerns the researcher’s knowledge about 
the investigated material properties (i.e. when specific ground conditions were 
met in the past; analogy is possible and desired).  The theoretical model is usu-
ally implemented in a form of generally accessible computer application (using 
Finite Element Method, Artificial Neural Network, etc.). The objective function 
(coast or goal function) defines the relation to be minimised or maximised, ex-
ploiting different numerical methods (integrals, least squares, etc.) 
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where: 
( )s,Qfe  - measured relation between Q and s (i.e. load and displacement), 

( )s,Qfc  - calculated by theoretical model relation between Q and s, 
or simpler 
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where: 
e
is  - measured value of s in time i 
c
is  - calculated by theoretical model value of s in time i. 
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Fig. 1. General back analysis algorithm 

 

The verification of the proposed solution consists of two levels:  
· the first one is provided automatically by a programmed algorithm; accep-

tance is based on the verification of all the seeking criteria: admissible 
ranges, boundary conditions etc. 

· the second one is made subjectively by the researcher, e.g. comparing the 
obtained result with prior information on this result; at this stage a rejection 
of the solution extorts an “analysis of divergences”, which should determine 
a new direction for seeking procedures. 

The “new values of parameters” can be calculated deterministically (i.e. 
by gradient methods) or probabilistically (i.e. using genetic algorithms). 

Mechanical parameters evaluation is frequently back-analysed in engi-
neering and scientific research. In the following section an untypical application 
of back analysis algorithm has been presented - a simple shape identification 
problem. The solution of the considered issue is the answer to the question: 
what is the shape of the embankment’s cross section that guaranties its stability 
(safety factor³ 1.0). The estimation of the quality of the obtained solution is 
based on the objective function analysing the stress state in the embankment’s 
body. Fig.2 presents a used back-analysis algorithm. The theoretical model was 
implemented as a computer application FEMTEST with the linear elastic-
perfectly plastic constitutive law with the Coulomb-Mohr criterion [3]. 

The geometry and the boundary conditions are shown in Fig.3. In the first 
example of calculations the interface conditions between the bottom of the em-
bankment and subsoil were idealized and assumed as perfectly smooth. Such 
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situation occurs very rarely in practice (e.g. when the embankment is built on a 
thin layer of soft soil placed on non-deformable base-ground). This serious sim-
plification was made to distinctly present the changes in optimised geometry. 
Besides, such conditions can be utilized in engineering also as a preliminary 
variant of the design process when sufficient information about the ground con-
ditions is not available, i.e. taking into account the worst feasible case and the 
existence of hidden safety margin related to the interaction with real subsoil. 

FEM mesh was generated from 1381 nodes forming 656 T6 elements. 
Tab.1. presents hypothetical constant material properties. In each calculation 
step the embankment was loaded gravitationally in 20 increments. The initial 
and optimal shape of the analysed embankment is shown in Fig.4. 
 

 
Fig. 2. The algorithm for shape determination 

 

 

Table 1. Material properties 
g [kN/m3] E [MPa] n [-] F  [deg] c [kPa] Y  [deg] 

21.1 21.0 0.32 15.0 17.3 1.5 
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Fig. 3. Geometry, mesh and boundary conditions 

1 – reference node 
 

Each calculation step of the embankment’s back-analysed geometry 
needed an adaptation of the shape. This procedure was realized by updating the 
x-coordinates of nodes using formulae 
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where: 
a – constant coefficient (amplifier, 1¸ 1000); 
Dx – calculated x-displacement of the node (total, after last stable increment), 
subscript RN means Reference Node (Fig. 3). 
 

 
Fig. 4. Initial and resultant shape of the slope 

 

Nodes with large x-displacements (comparing them to reference node) 
were updated.  The objective function had a form of inequality giving a simple 
true-false answer 
 

plitlimv GP*VGP £ , (2.4)
 

where: 
GP – number of Gauss points, subscript pl – plastic, v – violated, 

1 
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V limit – tolerance for the number of violated GP (typically 5%, 3% or 0.5% for a 
constant number of viscoplastic subiterations). 
Fig.5 presents the distribution of plastic GPs for the 1-st and 8-th steps. 

Analysing the relations between the number of iterations, plastic and vio-
lated GPs as a function of steps of the back-analysis (Fig.6), two stages of calcu-
lations can be observed: 
· instable, when total increments of gravity load were not reached, objective 

function returned “false” (collapse, steps 1-7); 
· stable, when all 20 increments could be applied, the objective function re-

turned “true” (steps 8-13). 
 

 
Fig. 5. Plastic Gauss points. a) step 1 (GP violated); b) step 8 

 

In the 8-th step the full gravity load was applied and criterion (2.4) was 
fulfilled, however, the calculations were continued until a minimum number of 
balance iterations was reached. 
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Fig. 6. Number of iterations, plastic and violated GPs 

1 – plastic Gauss points; 2- iterations; 3 – violated Gauss points 
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The verification of the obtained geometry was performed using PLAXIS 
FEM program. The Mesh and the boundary conditions are shown in Fig.7. The 
results of the calculations compared to FEMTEST safety factor are presented in 
Fig.8 (phi-c reduction method). 
 

 
Fig. 7. Mesh and boundary conditions 

1 – reference node 
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Fig. 8. Safety factor evaluation 
1 – PLAXIS; 2 – FEMTEST 
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As it was previously noted, in reality the safety factor of the analysed em-
bankment is much higher than evaluated because of the interaction with the soil 
in basis. In numerical analysis it also depends on the modelled interface between 
the rising structure and the ground. 

The estimation of the above mentioned “safety margin” can be realized if 
we take into consideration the optimised embankment resting on: “hard” and 
“soft” subsoil (material properties shown in Tab.2, see Fig.9). In the calcula-
tions no interface elements were used (i.e. contrary to the previously assumed 
conditions a perfectly rough contact was considered). 
 

 
Fig. 9. Geometry for safety margin estimation 

1 – embankment (Table 1); 2 – subsoil (Table 2) 
 

Table 2. Material properties for subsoil 
g [kN/m3] E [MPa] n [-] F  [deg] c [kPa] Y  [deg] 

“hard” 
21.1 50.0 0.25 23.3 45.1 2.3 

“soft” 
21.1 16.0 0.32 13.2 12.8 1.3 

 

The results of stability evaluations performed by PLAXIS and FEMTEST 
are collected in Tab.3. 
 

Table 3. Results of stability calculations 
Subsoil Plaxis FEMTest 
“hard” 2.37 2.48 
“soft” 1.28 1.16 

 

Thus, the “safety margin” can be placed in a wide range of values (in the 
case under consideration from 14% to 144% over the previously evaluated 
safety factor, dependently on the relation between the embankment and subsoil 
“strengths”). However, as already mentioned, the simplification of the boundary 
conditions can provide an acceptable “safety margin”, especially for “soft” soils 
building basis. 

1 

2 
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A more general solution of the back-analysed geometry problem can be 
obtained incorporating successive remeshing and the possibility of manual al-
terations into the algorithm procedures. The optimised shape of the 6m high 
embankment (parameters in Tab.1) in the case of “hard” subsoil (see Tab.2) 
using such an approach is shown in Fig.10. The manual alterations were indis-
pensable to accomplish the shape-updating procedure in point A (difficulties are 
related to the perfectly rough contact with the basis and unreal low x-
displacement in point A). 
 

 
Fig. 10. Optimised geometry of the embankment for “hard” subsoil 

A- peculiar point, where manual alterations are needed 
 

In the case of non-cohesive soil, the optimisation algorithm is simplified 
because of the prevailing shape of the slip surface - a plane- known “a priori”.  
The geometry is optimised by a simple one-point location update. The iteration 
process of finding the optimal angle of the embankment’s inclination is shown 
in Fig.11 and 12. The material properties of the non-cohesive soil are collected 
in Table 4. 
 

Table 4. Material properties of non-cohesive soil 
g [kN/m3] E [MPa] n [-] F  [deg] c [kPa] Y  [deg] 

17.7 130.0 0.20 39.0 0.1 3.9 
 

Concluding, the presented simple examples of shape determination are 
based on the back-analysed geometry problem. The demanded shape was ad-
justed to the material parameters and the prescribed safety factor. In spite of 
considerable simplifications the presented approach can supplement a wide 
range of stability evaluation methods, especially, that “... Analyses should be 

A 
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performed using more than one method, or more than one computer program, in 
a manner that involves independent processing of the required information and 
data insofar as practical, to verify as many aspects of the analysis as possible.” 
[4]. 
 

 
Fig. 11. Optimisation process of the embankment’s shape in the case of non-cohesive soil 

(“hard” subsoil). 
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Fig. 12. Optimisation process: optimal inclination angle 

1 – point indicating critical angle: 41.76° 
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3. PRESENT AND FUTURE WORKS 
 
Back analysis assisted by standard gradient-descent methods is exploited uni-
versally in a field of widely applied geotechnics. Engineering needs simple and 
efficient solutions, however, theoretical models developed in modern soil me-
chanics become more and more complex, demand more and more parameters 
provided by a more and more sophisticated laboratory equipment. 

Naturally, the application of such modern models (e.g. in numerical simu-
lations) requires more complex back-analysing tools, because of multivariate 
and multi-criteria optimisation, taking into consideration numerous uncertainties 
inbuilt in the research process. The Author is actually engaged in a development 
of parallel evolutionary algorithms (working in different topologies) assigned to 
the progress of slope stability evaluation methods including back-analysing pro-
cedures. The prototype of a mixed hardware-software implementation of Paral-
lel Genetic Algorithm (PGA) in massive (cellular, fine grain) topology is shown 
in Fig.13 (the photo presents the supply and communication units with one PGA 
processor). The works are being continued. 
 

 
Fig. 13. Hardware implementation of cellular genetic algorithm (with one processing 

unit) 
1 – PGA processor; 2 – communication unit; 3 – supply unit 
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4. CONCLUDING REMARKS ON BACK AND INVERSE 
 ANALYSES 
 

The general remarks on inverse and back analysis (sometimes words writ-
ten together : backanalysis, see [5]) can be expressed as follows: 
· all inverse problems create themselves a difficult challenge for mathemati-

cal-numerical solvers, offering usually an unstable and uncertain solution 
(e.g. see [6,7,8]); 

· inverse and back analysis should not be used interchangeably, even for rea-
sons of their completely dissimilar definitions; with time, back analysis is 
becoming a rarity in titles and descriptions of backanalysed inverse prob-
lems, more and more often popular term inverse replaces back in the names 
of applied backanalysis techniques; 

· the theoretical and practical backgrounds of usefulness of a prior informa-
tion in back analysis has been well documented already, but researchers 
rarely stress the advantages of exploited a priori knowledge or even its us-
age in the performed investigations; 

· in the case of a lack of prior knowledge, powerful and easy-to-use tools 
based on evolutionary techniques (e.g. GA) can be offered; it’s a pity that in 
an enormous number of undertaken tasks concerning inverse problems so 
few cases are considered as dedicated to modern evolutionary solvers. 

Obviously, the foregoing remarks summarize a particular point of view on the 
presented subject matter, but on the other hand, it is a well-known truth, that the 
importance of the matter lies far away, beyond the names and terms. 
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