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Abstract. In this paper, frame structures with viscoelastic dampers mounted on them 
are considered. Viscoelastic (VE) dampers are modelled using two, three-parameter, 
fractional rheological models. The structures are treated as elastic linear systems. The 
equation of motion of the whole system (structure with dampers) is written in terms of 
state-space variables. The resulting matrix equation of motion is the fractional 
differential equation. Moreover, results of typical calculations are presented. 

1 Introduction 

In civil engineering, VE dampers are successfully used to reduce vibrations caused 
by winds and earthquakes. It was found that incorporation of VE dampers into a 
structure leads to a significant reduction of unwanted vibrations [1]. In the past, several 
rheological models were proposed to describe the dynamic behaviour of VE materials 
and dampers. Both the classical and the so-called fractional models of dampers are 
available. Descriptions of these models are given in [2 – 5].  

In this paper, the frame structures with VE dampers mounted on it are considered. 
Viscoelastic dampers are modelled using three-parameter, fractional rheological models. 
The structures are treated as elastic linear systems. The equation of motion of the whole 
system (structure with dampers) is written in terms of state-space variables. The 
resulting matrix equation of motion is the fractional differential equation. 

Moreover, the paper is dedicated to determination of the dynamics characteristics of 
the considered structures. The nonlinear eigenvalue problem is formulated, from which 
the dynamics characteristics of a system can be determined. The continuation method is 
used to solve the above-mentioned nonlinear eigenvalue problem.  

The results of typical calculations are also presented and briefly discussed. In 
particular, the influence of the key parameter, which describes the order of fractional 
derivative, on the dynamic characteristics of frame with VE dampers is shown.  

2 The equations of motion of frame with VE dampers 

2.1 The rheological models of dampers 

In this paper, two fractional rheological models, i.e., the fractional Kelvin model and 
the fractional Maxwell model (see Fig.1), are used to describe the dynamic behaviour of 
VE dampers. The considered models of a typical damper, i, have three parameters: 
stiffness idk , , damping factor idc , , and fractional parameter iα , ( 10 ≤< iα ).  

The motion equation of the Kelvin model (see Fig. 1a) could be written in the form: 

   id
i

tidididi qDcqku ,,,,
α+=  ,          (1) 
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where iu  is the damper force and idq ,  is the relative damper displacement. Moreover, 

)(•i
tDα  denotes the Riemann-Liouville fractional derivative of the order iα  with 

respect to time, t. For a precise definition of the Riemann-Liouville fractional derivative, 
[6] may be consulted. 

a)                 b)   
  
 
 
 

Figure 1: Rheological models of damper 

The motion equations of the Maxwell model could be written using the so-called 
relative internal variable irq ,  (compare Fig. 1b). The above-mentioned damper motion 
equations are: 

 )( ,,, ir
i

tid
i

tidi qDqDcu αα −=  ,  iridi qku ,,=  .         (2) 

The damper of which the behaviour is described by the Kelvin model or the Maxwell 
model will be shortly referred to as the Kelvin damper or the Maxwell damper, 
respectively. 

More information concerning the fractional rheological models can be found in [5, 
7]. The equation of motion of the classical Kelvin and Maxwell models could be 
obtained after introducing 1=α  into Equations (1) and (2).  

2.2 The equations of motion of structures  expressed in physical coordinates 

The frame with VE dampers is treated as the elastic linear system and their model is 
the shear frame shown in Fig. 2a. The equation of motion of such a structure can be 
written as follows: 

  )()()()()( ttttt ssssss psqKqCqM +=++ ���  ,         (3) 

where the symbols sM , sC  and sK  denote the mass, the damping and the stiffness 
( nn × ) matrices, respectively. Moreover, ),...,()( ,1, nsss qqcolt =q  and 

),...,()( 1 nppcolt =p  denote the vector of displacements of the structure and the vector 
of excitation forces, respectively. The ),...,,()( 21 nssscolt =s  vector is the ( 1×n ) vector 
of interaction forces between the frame and dampers (compare Fig. 2b).  

First of all, the structure with one damper, denoted as the damper number i, which is 
mounted between two successive storeys j and j+1 (shown in Fig. 2a), is considered. If 
the Kelvin damper is considered, the force interaction vector )(ts  could be written as 

  )()0,...,,,...,0()()( 1 tuususcoltt iiijiji ess =−===≡ +  ,        (4) 

where )0,...,1 ,1,...,0( 1 −=== +jji eecole  is the allocation vector of the i-th damper. 

Taking into account that the relative damper displacement, written in terms of 
structure displacements, is 

kd,i cd,i,αi 

qr,i qd,i 
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   )()()()( ,1,, ttqtqtq s
T
ijsjsid qe−=−= +  ,         (5) 

the damper force and the vector of interactive forces could be written as follows: 

   )()()( ,, tDctktu st
T
iids

T
iidi

i qeqe α−−=  ,        (6) 

   )()()( ,, tDctkt s
i

t
T
iidis

T
iidii qeeqees α−−=  .        (7) 

a)    b)    c) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2: Diagram of a frame with VE dampers 

If we have a structure with m dampers, the vector of interactive forces is given by: 
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1

)()()()( qeeqeess α  ,        (8) 

and the equation of motion (3) could be rewritten in the form:  

        ( ) )()( )()()(
1

,
12 tttDctDtD sds

m

i
s

i
t

T
iidistssts pqKKqeeqCqM =++++ �

=

α  ,        (9) 

where, in order to be consistent with the notation, a symbol such as )(1 •tD  is introduced 
to denote the first derivative with respect to time, and the matrix of dampers stiffness is 
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Equation (9) is the matrix fractional differential equation which describes the 
dynamic behaviour of the considered frame with the Kelvin dampers. In this approach 
each damper can have its own values of parameters, different from others. The equation 
(9) is much simplified when all fractional parameters are equal, i.e., .consti == αα  In 
this case we can write: 

 ( ) )()( )()()( 12 tttDtDtD sdsstdtssts pqKKqCqCqM =++++ α  ,     (11) 

where the damping matrix of the dampers is defined as 

    �
=

=
m

i

T
iidid c

1
, eeC  .        (12) 

Now the structure with the Maxwell dampers will be considered. Equations (2), 
containing the internal relative damper displacement )(, tq ir  are used to describe the 
Maxwell damper behaviour. The vector of interactive forces )(ts  is treated as a sum of 
two vectors, i.e., )()()( 21 ttt sss += . The )(1 ts  vector contains interactive forces which 
are reactions of the elastic part of the Maxwell dampers to the frame, while the )(2 ts  
vector contains the interactive forces which are reactions of the dashpot part of the 
dampers. 

If a structure with only one damper, denoted as the damper number i, mounted 
between two successive storeys j and j+1 is considered, then the vectors )(1 ts  and )(2 ts  
could be written in the following form: 

  )(~)0,.....,,...,0()()( 11 tuuscoltt iiiji ess ===≡  ,       (13) 

  )(ˆ)0,.....,,...,0()()( 122 tuuscoltt iiiji ess =−==≡ +  ,      (14) 

where )0,...,0~ ,1~,...,0(~
1 === +jji eecole , )0,...,1ˆ ,0ˆ,...,0(ˆ 1 −=== +jji eecole . 

In terms of displacements, the damping force )(tui  of the Maxwell damper could be 
shown in two equivalent forms: 

 )(~)())()(()( ,,,,,, tktqktqtqktu s
T
iidiridjsiridi qe−=−=  ,       (15) 

 )(ˆ)())()(()( ,,,,1,, tDctqDctqDtqDctu s
i

t
T
iidir

i
tidir

i
tjs

i
tidi qe αααα −−=−= +  ,    (16) 

and the interaction force vectors )(1 tis  and )(2 tis  are given by 

 )(~~)(~)(~~)(~)( ,,,,,1 tktktktqkt s
T
iidir

T
iidis

T
iidiiridii qeeqheqeees −=−=  ,     (17) 

 )(ˆˆ)(ˆ)( ,,,2 tDctqDct s
i

t
T
iidiir

i
tidii qeees αα −−=   

           )(ˆˆ)(ˆ ,, tDctDc s
i

t
T
iidir

i
t

T
iidi qeeqhe αα −−=  ,        (18) 

where the vector of internal variables ))(),...,(),...,(()( ,,1, tqtqtqcolt mrirrr =q  and the 

vector )0,...,1,...,0( == ii hcolh  have the dimension ( 1×m ).  

When m dampers are present in the frame then the interaction force vectors are: 
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where 

  �
=

=
m

i
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d
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=

=
m

i

T
iidi

d
ss k

1
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~~ eeK  .      (21) 

The dimensions of matrices d
srK  and d

ssK  are ( mn × ) and ( nn × ), respectively. 
Taking into account that )()()( 21 ttt sss +=  and introducing Equations (19) and (20) 

into (3) we obtain the following motion equation of frame with the Maxwell dampers 

 )( )()(ˆˆ)()(
1

,
12 ttDctDtD s

d
sss

m

i
st

T
iidistssts

i qKKqeeqCqM ++++ �
=

α  

                 )()()(ˆ                         
1

, tttDc r
d
sr

m

i
rt

T
iidi

i pqKqhe =−+�
=

α  .     (22) 

Equation (22) represents a set of n equations with n+m unknowns which are 
elements of vectors )(tsq  and )(trq . Additional m equations in the following form: 

 0)()()()( ,,,,,,1,, =+−+− + tqktqktqDctqDc iridjsidir
i

tidjs
i

tid
αα  ,      (23) 

where mi ,...2,1= , are obtained from equilibrium condition of the internal node of 
Maxwell model of dampers. 

In the matrix notation we can rewrite Equation (23), for mi ,...2,1= , in the form: 

 0)()(~)()(ˆ ,,,, =+−+ tktktDctDc r
T
iids

T
iidr

i
t

T
iids

i
t

T
iid qhqeqhqe αα  .     (24) 

The final form of Equation (24) is obtained by pre-multiplying Equation (23) by ih  
and summing up all equations with respect to i. As the result, we have: 

 ��
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+
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i
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t
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i
t
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iidi tDctDc

1
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    0qhhqeh =+− ��
==

)()(~

1
,

1
, tktk r

m

i

T
iidis

m

i

T
iidi  .     (25) 

Equations (22) and (25) constitute a set of equations from which the dynamic 
response of structure with Maxwell dampers can be determined. It is a set of fractional 
differential equations. In this formulation each damper can have its own values of 
parameters different from others. 

Equations (22) and (25) is much simplified when all fractional parameters are equal, 
i.e., .consti == αα  In such case we can write: 

 )( )()()()( 12 ttDtDtD s
d
sssst

d
ssstssts qKKqCqCqM ++++ α  
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                  )()()(                          tttD r
d
srrt

d
sr pqKqC =−+ α  ,     (26) 

 0qKqKqCqC =+−+ )()()()( tttDtD r
d
rrs

d
rsrt

d
rrst

d
rs

αα  ,       (27) 

where  
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i

T
iidi

d
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1
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T
iidi

d
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1
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m

i

T
iidi

d
rr k

1
, hhK  .     (29) 

2.3 The equations of motion of structures expressed in the state space 

In many cases it is very convenient to use the equation of motion expressed in the 
state space. When the Kelvin model is used to describe dampers behaviour then the 
vector of state variables and the vectors of their derivatives could be defined as 

)  ,()( 1
sts Dcolt qqz = , ) ,()( 211

ststt DDcoltD qqz = , ) ,()( 1
s

i
ts

i
t

i
t DDcoltD qqz += ααα .  

Moreover, when the following additional matrix equation 

   0qMqM =− )()( 11 tDtD stssts  ,        (30) 

is added to the motion equation (9) the set of equations (9) and (30) could be rewritten 
using the state variables defined above. The resulting matrix equation is in the form: 

  )(~)()()( 
1

1 tttDtD
m
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i
tit pBzzAzA =++�

=

α  ,       (31) 

where  
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The motion equations in the state space can also be derived for frames with Maxwell 
dampers. In this case, the vector of state variables and vectors of state variables 
derivatives are defined as:  

  ))(  ),(  ),(()( 1 tDttcolt stsr qqqz =  ,     ))(  ),(  ),(()( 211 tDtDtDcoltD sts
1
trtt qqqz =  , 

   ))(  ),(  ),(()( 1 tDtDtDcoltD ststrtt
iiii qqqz += αααα  .       (33) 

Now Equations (25), (22) and (30) can be rewritten in the form: 
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The presented above in the state space formulation is new. In comparison with 
previous ones, given, for example, in [8, 9], the proposed approach did not require 
matrices with huge dimensions. It is the main advantage of the proposed formula. 

3 The eigenvalue problem 

Applying the Laplace transform, and taking into account that (see [6]):  

 ( )[ ] Zz =t�  ,      [ ] Zz ii
t stD αα =)(�  ,      [ ] Zz stDt =)(1

�  ,      (37) 

the equation of motion (31) or (34) can be written as: 
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�
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++�
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1

m

i
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iss α  .        (38) 

Equation (38) constitutes the nonlinear eigenproblem, which can be solved using the 
continuation method. Description of the continuation method can be found in [10]. In 
this paper, the main parameter of the continuation method is a chosen fractional 
parameter α  (say 1α ). The first point on the )(αs  curve and the )(αZ  curve is 
obtained for 1=α . It can be determined after solving the following eigenvalue problem: 

   0ZBAA =
�
�
�

�

�
�
�

�
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�
�

�
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�
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=

  
1

m

i
is  .        (39) 

The typical calculation was made for a two-storey frame with the Maxwell VE 
damper mounted on the second floor. The following data were chosen: the mass of the 
first and second floors are Mgm  6.211 =  and Mgm  28.172 = , respectively; the height 

and rigidity of columns are m 0.3  and 2 0.11685 kNmEI = , the span and rigidity of the 
beam are m 0.6  and 2 0.47416 kNmEI = , respectively. The dampers data are: 111, kkd =  
where 11k  is the element of sK  matrix, mkNscd /  456.376= , 02.0/ 1, == ddd kcτ . 

The dynamic properties of the considered frame were calculated. The dependence of 
the first natural frequency of vibration and the dependence of the non-dimensional 
damping ratio versus the fractional parameter α  are shown on Fig. 3 and 4, 
respectively. The natural frequency iω  and the non-dimensional damping ratio iγ  are 
defined as: 

             222
iii ηµω +=  ,        iii ωµγ /−=  ,      )Re( ii s=µ  ,       )Im( ii s=η  .        (40) 
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It is easy to observe that both quantities, i.e. the natural frequency and the non-
dimensional damping ratio increase when the fractional parameter increases. 
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Figure 3: First natural frequency 1ω  versus      Figure 4: Non-dimensional damping ratio  
               fractional parameter α                                     1γ  versus fractional parameter α  

4 Concluding remarks 

In the paper, the motion equations of planar frames with VE dampers are derived. 
Two fractional, three-parameter rheological models are used to describe the dynamic 
behaviour of the considered systems. Moreover, the results of calculation of dynamic 
properties of typical frame with VE damper are presented. 

Acknowledgments 

The authors wish to acknowledge the financial support received from the Poznan 
University of Technology (Grant No. DS 11-038/09) in connection with this work. 

References 
1. Soong T.T., Spencer B.F. Supplemental energy dissipation: state-of-the-art and state-of-the-

practice, Engineering Structures, 24: 243-259, 2002. 
2. Park S.W. Analytical modeling of viscoelastic dampers for structural and vibration control, 

International Journal of Solids and Structures, 38: 8065-8092, 2001. 
3. Palmeri A., Ricciardelli F., De Luca A., Muscolino G. State space formulation for linear 

viscoelastic dynamic systems with memory, ASCE Journal of Engineering Mechanics, 129: 715-
724, 2003. 

4. Adhikari S. Dynamics of non-viscously damped linear systems, ASCE Journal of Engineering 
Mechanics, 128: 328-339, 2002. 

5. Makris N., Constantinou M.C. Fractional-derivative Maxwell model for viscous dampers, ASCE 
Journal of Structural Engineering, 117: 2708-2724, 1991. 

6. Podlubny I. Fractional Differential equations. Academic Press, 1999. 
7. Lewandowski R., Chora�yczewski B., Remarks on modelling of passive viscoelastic dampers, 

Proceedings of the 9th International Conference "Modern Building Materials, Structures and 
Technique", 16-18 May, 2007, Vilnius, Lithuania. 

8. Chang T.S., Singh M.P. Seismic analysis of structures with a fractional derivative model of 
viscoelastic dampers, Earthquake Engineering and Engineering Vibration, 1: 251-260, 2002. 

9. Suarez L. Shokooh A., An Eigenvector Expansion Method for the Solution of Motion Containing 
Fractional Derivatives, Journal of Applied Mechanics, 64: 629-635, 1997. 

10. Seydel R. Practical bifurcation and stability analysis - from equilibrium to chaos. Springer, 
Berlin, 1994. 


