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Abstract. In this paper, frame structures with viscoelastic dampers mounted on them
are considered. Viscoelastic (VE) dampers are modelled using two, three-parameter,
fractional rheological models. The structures are treated as elastic linear systems. The
equation of motion of the whole system (structure with dampers) is written in terms of
state-space variables. The resulting matrix equation of motion is the fractional
differential equation. Moreover, results of typical calculations are presented.

1 Introduction

In civil engineering, VE dampers are successfully used to reduce vibrations caused
by winds and earthquakes. It was found that incorporation of VE dampers into a
structure leads to a significant reduction of unwanted vibrations [1]. In the past, several
rheological models were proposed to describe the dynamic behaviour of VE materials
and dampers. Both the classical and the so-called fractional models of dampers are
available. Descriptions of these models are given in [2 — 5].

In this paper, the frame structures with VE dampers mounted on it are considered.
Viscoelastic dampers are modelled using three-parameter, fractional rheological models.
The structures are treated as elastic linear systems. The equation of motion of the whole
system (structure with dampers) is written in terms of state-space variables. The
resulting matrix equation of motion is the fractional differential equation.

Moreover, the paper is dedicated to determination of the dynamics characteristics of
the considered structures. The nonlinear eigenvalue problem is formulated, from which
the dynamics characteristics of a system can be determined. The continuation method is
used to solve the above-mentioned nonlinear eigenvalue problem.

The results of typical calculations are also presented and briefly discussed. In
particular, the influence of the key parameter, which describes the order of fractional
derivative, on the dynamic characteristics of frame with VE dampers is shown.

2 The equations of motion of frame with VE dampers

2.1  The rheological models of dampers

In this paper, two fractional rheological models, i.e., the fractional Kelvin model and
the fractional Maxwell model (see Fig.1), are used to describe the dynamic behaviour of
VE dampers. The considered models of a typical damper, i, have three parameters:
stiffness k, ;, damping factor ¢, , and fractional parameter ;, (0<a; <1).

The motion equation of the Kelvin model (see Fig. 1a) could be written in the form:

u,=k,;q9,,; + Cd,iDraiqd,i > (D



where u; is the damper force and g, ; is the relative damper displacement. Moreover,

D/ (®) denotes the Riemann-Liouville fractional derivative of the order ¢; with
respect to time, . For a precise definition of the Riemann-Liouville fractional derivative,
[6] may be consulted.
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Figure 1: Rheological models of damper
The motion equations of the Maxwell model could be written using the so-called
relative internal variable ¢,; (compare Fig. 1b). The above-mentioned damper motion

equations are:
u;=c,;(Dfq,;=Dq,;) U =kgiq,; - @

The damper of which the behaviour is described by the Kelvin model or the Maxwell
model will be shortly referred to as the Kelvin damper or the Maxwell damper,
respectively.

More information concerning the fractional rheological models can be found in [5,
7]. The equation of motion of the classical Kelvin and Maxwell models could be
obtained after introducing & =1 into Equations (1) and (2).

2.2 The equations of motion of structures expressed in physical coordinates

The frame with VE dampers is treated as the elastic linear system and their model is
the shear frame shown in Fig. 2a. The equation of motion of such a structure can be
written as follows:

M. q,())+C,q,0)+K.q,#)=s(t)+p() , 3)

where the symbols M, C, and K, denote the mass, the damping and the stiffness
(nxn)  matrices, respectively.  Moreover, q,(@)=col(q,,>q;,) and
p(t) =col(p,,..., p,) denote the vector of displacements of the structure and the vector
of excitation forces, respectively. The s(t) =col(s,,s,....,s,) vector is the (nx1) vector

of interaction forces between the frame and dampers (compare Fig. 2b).

First of all, the structure with one damper, denoted as the damper number i, which is
mounted between two successive storeys j and j+/ (shown in Fig. 2a), is considered. If
the Kelvin damper is considered, the force interaction vector s(¢) could be written as

s(t)=s,; (1) =col(0,...,sj =U;,S =-u;,..0)=e;u,(t) , 4)
where e; =col(0,...,e ;= l,e = —1,...,0) is the allocation vector of the i-th damper.

Taking into account that the relative damper displacement, written in terms of
structure displacements, is



de:(D=q, (D —q,;()=—€ q,@1) , )

the damper force and the vector of interactive forces could be written as follows:

(1) =—k, e;q,(t)—c, e Diq (), (6)
s;()=—ek, e/ q, ()—e;c e Dq (1) . (7)
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Figure 2: Diagram of a frame with VE dampers

If we have a structure with m dampers, the vector of interactive forces is given by:
m m m
S= s,(==) ek, ]q,(- D e;c, el Diq, (1) , ®)
i=1 i=1 i=1
and the equation of motion (3) could be rewritten in the form:

MSDzzqs (t) + CsDz]qs (t) + Zeicd,ieiTDfaiqs (t) + (Ks + Kd )qA (t) :p(t) ’ (9)
i=1
where, in order to be consistent with the notation, a symbol such as D,' () is introduced
to denote the first derivative with respect to time, and the matrix of dampers stiffness is

m

K, =) ek, el . (10)

i=1



Equation (9) is the matrix fractional differential equation which describes the
dynamic behaviour of the considered frame with the Kelvin dampers. In this approach
each damper can have its own values of parameters, different from others. The equation
(9) is much simplified when all fractional parameters are equal, i.e., &, =& = const. In

this case we can write:
M, D}q, () +C,D/q(t)+C,Dlq, 1)+ (K, +K,)q, () =p@) , (11)

where the damping matrix of the dampers is defined as
C, =) eic el . (12)
i=1

Now the structure with the Maxwell dampers will be considered. Equations (2),
containing the internal relative damper displacement g, ,(¢) are used to describe the
Maxwell damper behaviour. The vector of interactive forces s(¢) is treated as a sum of
two vectors, i.e., s(f)=s,(¢#) +s, (). The s,(¢) vector contains interactive forces which
are reactions of the elastic part of the Maxwell dampers to the frame, while the s, (?)

vector contains the interactive forces which are reactions of the dashpot part of the
dampers.

If a structure with only one damper, denoted as the damper number i, mounted
between two successive storeys j and j+/ is considered, then the vectors s,(¢) and s, ()

could be written in the following form:
s, ()=s,;(1)=col(0,...,s; =u;,.....0) = €u,(t) , (13)

S, (1) =s,,(t)=col(0,...,s ,; =—U;,.....0) =€u,; (1) , (14)
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where € =col(0,....¢; =1,¢;,, =0,..,0), €, =col(0,...,e; =0,¢ L,...,0).

In terms of displacements, the damping force u;(¢) of the Maxwell damper could be

=

shown in two equivalent forms:
w () =ky;(q,, (=g, ;) =ky,q,, )~k ;& q, @), 15)
u(1)y=cy; (D gy (1) — DzwiQr,i )= _Cd,iDtaiqr,i (1) - Cd,iéiTDzaiqs (), (16)
and the interaction force vectors s,;(¢) and s,,(f) are given by
s () =€ky;q,,; (1)~ éikd,iéiqu (1= éikd,ihirqr(t) - éikd,iéiqu ) . a7
Sy (1) =—&,¢,;D/q,; (1)~ &,c, & D" q, (1)
=—&,c,;h D/q, ()&, & Dq, (1) , (18)

where the vector of internal variables q, (t)=col(q,,(?),....q,;(0),....q, ,,(t)) and the

vector h, =col(0....,h; =1,...,0) have the dimension (mXx1).

When m dampers are present in the frame then the interaction force vectors are:



S, (1)= Zéikd’ih?qr(t) - Zéikd,;éirq.c (®) sz,q,(t) - K?sqs(t) s (19)
i=1 i=1

s,(0==) &, h Dfig, (1)=&, & Dfig, (1) , (20)
i=1 i=1
where
Kfr :Zéikd,ih? ’ fo :Zéikd,iéiT : ey
i=1 i=1

The dimensions of matrices Kfr and Kfs are (nXm) and (nXn ), respectively.
Taking into account that s(t) =s,(f) +s,(¢) and introducing Equations (19) and (20)
into (3) we obtain the following motion equation of frame with the Maxwell dampers

M Dq,(t)+C,D/q, () + Zéicdié{Df’iqs )+ K, +K%)q,®)

i=1
+> &.c,;h/Dfiq,(1)-Kiq,)=p() . (22)
i=1
Equation (22) represents a set of n equations with n+m unknowns which are
elements of vectors q,(#) and q, (¢) . Additional m equations in the following form:

—cy;Df RIOR: cq; D q, ()~ kyiqs, ) +ksq,;,@)=0, (23)

where i=1,2,..m, are obtained from equilibrium condition of the internal node of
Maxwell model of dampers.
In the matrix notation we can rewrite Equation (23), for i =1,2,...m, in the form:

cq 6 Dq (t)+c,;h] Dfiq,(t)—k, € q,()+k,hq,@)=0 . (24)

The final form of Equation (24) is obtained by pre-multiplying Equation (23) by h,
and summing up all equations with respect to i. As the result, we have:

Zhicd,iéiTDtaiqs(t) + Zhicd,ihiTDtaiqr(t)

i=1 i=1

=Y ik, & q, 0+ hk, hlq, )=0 . (25)
i=1 i=1

Equations (22) and (25) constitute a set of equations from which the dynamic
response of structure with Maxwell dampers can be determined. It is a set of fractional
differential equations. In this formulation each damper can have its own values of
parameters different from others.

Equations (22) and (25) is much simplified when all fractional parameters are equal,
i.e., a; = = const. In such case we can write:

M D’q,(t)+C,D!q,t)+C’ D q,(t) + (K, +K?)q, ()



+CiDq, (1) -Kiq,()=p@) , (26)
C!Dfq,(N+C!D*q, (1) -K'q, 1) +K’q,(1)=0, 27)

where

m m

m
d _N\'a . arl d _\a T d _ AT _ vd T
Css—zeicd,iei , Csr_zeicd,ihi , Crs_zhicd,iei =) . (@2¥
i=1

i=1

i=1
C;, :Zhicd,ihiT . :Zhikd,iéiT =(K5)" . K, :Zhikd,ihiT - (29
= i=1 i=1

2.3 The equations of motion of structures expressed in the state space

In many cases it is very convenient to use the equation of motion expressed in the
state space. When the Kelvin model is used to describe dampers behaviour then the
vector of state variables and the vectors of their derivatives could be defined as

z(t)=col(q,, D!q,), D)z(t)=col(D!q,,D}q,), D% z(t)=col(D%q,,D"q,).
Moreover, when the following additional matrix equation
M,D!q,(t)-MD!q,(t)=0 , (30)
is added to the motion equation (9) the set of equations (9) and (30) could be rewritten

using the state variables defined above. The resulting matrix equation is in the form:

ADz(t)+ Y ADf (1) +Bz() =p(1) , 31)

i=1

A:{CS M} Ai:l:eicd’iei 0}’ B{(KﬁKd) 0}, 5(1):{1’(’)}, (32)
M. 0 0 0 0 -M 0

The motion equations in the state space can also be derived for frames with Maxwell
dampers. In this case, the vector of state variables and vectors of state variables
derivatives are defined as:

z(t) = col(q, (1), q,(t), D/q,()) , D z(t)=col(Dq,(t), D/q,(t), D/q,(®)) .

Dfa(t) = col(D%q, (1), Dfq, (1), D*'q, (1)) . (33)
Now Equations (25), (22) and (30) can be rewritten in the form:
AD:Z(t)+ZAinliz(t)+Bz(t)=f)(t) , (34)
i=1
where

0 0 0 hicd,ihiT hicd,iéiT 0
A= 0 C, M, |, A, = é,cd’ihiT éicd,ié,.T 0 |, 35)

0 M, 0 0 0 0



Zhikd,ihiT _Zhikd,iéir 0
i’:nl i=1 . 0

B=|- > &k, h] K, +)> &k, & 0], BO=1p®) . (36)
i=1 i=1 0

0 0 -M

s

i |

The presented above in the state space formulation is new. In comparison with
previous ones, given, for example, in [8, 9], the proposed approach did not require
matrices with huge dimensions. It is the main advantage of the proposed formula.

3  The eigenvalue problem

Applying the Laplace transform, and taking into account that (see [6]):
Llzi=z .  £pfiz|=sz . £|p2)|=sz 37)

the equation of motion (31) or (34) can be written as:

(sA+Zs“iA[+BJZ=0. (38)

i=1

Equation (38) constitutes the nonlinear eigenproblem, which can be solved using the
continuation method. Description of the continuation method can be found in [10]. In
this paper, the main parameter of the continuation method is a chosen fractional
parameter « (say «,). The first point on the s(a) curve and the Z(a) curve is

obtained for & =1. It can be determined after solving the following eigenvalue problem:

[s[A+IZn:AiJ+B}Z:O. (39)

i=1

The typical calculation was made for a two-storey frame with the Maxwell VE
damper mounted on the second floor. The following data were chosen: the mass of the
first and second floors are m, =21.6 Mg and m, =17.28 Mg, respectively; the height
and rigidity of columns are 3.0m and EI =11685.0 kNm?, the span and rigidity of the
beam are 6.0m and EI =47416.0 kNm®, respectively. The dampers data are: k a1 =k
where k,, is the element of K matrix, ¢, =376.456 kNs/m, t, =c, /k,, =0.02.

The dynamic properties of the considered frame were calculated. The dependence of
the first natural frequency of vibration and the dependence of the non-dimensional
damping ratio versus the fractional parameter ¢ are shown on Fig. 3 and 4,
respectively. The natural frequency @, and the non-dimensional damping ratio y; are

defined as:

o} =pul+nt, Vi=-#;l@;, g =Re(s;), 7 =Im(s;) . (40)



It is easy to observe that both quantities, i.e. the natural frequency and the non-
dimensional damping ratio increase when the fractional parameter increases.
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Figure 3: First natural frequency @, versus  Figure 4: Non-dimensional damping ratio

fractional parameter o 7, versus fractional parameter o

4  Concluding remarks

In the paper, the motion equations of planar frames with VE dampers are derived.
Two fractional, three-parameter rheological models are used to describe the dynamic
behaviour of the considered systems. Moreover, the results of calculation of dynamic
properties of typical frame with VE damper are presented.
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