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ABSTRACT: In the paper, severd aspects concerning the formulation and solution of amplitude equations for free
vibration of systems with cubic non-linearity is discussed in detalls. The well-known concept of the Rayleigh quotient
Is extended to a non-linear case of interest. Moreover, the introduced Rayleigh quotient is used to develop anew and
efficient method to solve amplitude equations. The accuracy of solutions obtained by means of some widely used
methods of andyss of free vibration problems is dso andysed. It was found that the Gaerkin method gives us most

accurate results.

1. INTRODUCTION

An andyds of the problem of free vibration of non-
lineer oscillating systems leads to determination of
frequencies and modes of vibration. Since these
quantities are the essentids characteristics of each
vibrating sysem, a lot of atention is given to the
problem of free vibration. In the case of linear vibrating
systems, the exact solution of motion equation is known
and the problem of determination of frequencies and
modes of vibration is reduces to finding a solution of the
elgenvaue problem. The eigenvaue problem could be
solved using many methods, like the subspace iteration
method, the Lanczos method, the vector iteration
methods and other ones. In these methods the Rayleigh
quotient is often used. A description of mentioned
methods could be found in many monographs (see,
[1.2)).

The problems of free vibration of non-linear systems
are much more complex. Beside a few exceptions, the
exact solutions of motion equations are not known and
only gpproximate solutions are avallable. Very often in
the case of nonlinear continuous sysems, the
approximate solutions of motion equations are written as
asum of products of time and space functions. To give
an example, for beams these solutions can be written in
aform:

WX, t) =v; (X)q; () )
where v; (x) and g; (1) are the functions of space x and
time t, respectively. Moreover, i=1,2,....n axd the
summation convention for repeated indicesis used in (1)
and throughout this work. Usudly, the approximate
solution in the time domain is assumed in a form of the
truncated Fourier series and then ¢ (1) =cosiwt,
where w= the nonlinear frequency of vibration.

Additiondly, in many ingances only the fundamenta
harmonic of Fourier series is taken into account, i.e.
n=1 in (1). The space functions v;(x) ae usdly
treated as unknown quantities or it is assumed they are a
linear combination of trid functions. In alater case

Vi (X) =ay;u; (X)), )
where j=1,2,...,m, u;(x) = the trid function and a; =
the unknown factor.” Quite frequently, the modes of
vibration of linearised syssem are chosen as the trid
functions. A smilar destription is used in the finite
element method and then the relaion (2) refers to the
typicad finite dement. Moreover, in many casss it is
assumed that m=1.

Usng the harmonic baance method, the Gderkin
method or the Ritz method, it is possible to reduce the
consdered problem to finding a solution for a set of
norHinear, ordinary differentid equations (if the
unknown quantities are v;(x) and w) or for a system
of non-linear algebraic equetions (if a; and w are
unknowns). The above-mentioned system of non-linear
agebraic eguations will be referred to as the amplitude
equations. From a mahematica point of view these
equations can be conddered as the non-linear
egenvaue problem.

In this paper, the analyss of second approach
reducing the problem to the amplitude equations is of
particular interest. Our consderations are restricted to
non-linear dynamical systems with a cubic characteristic
of restoring forces.

2. DERIVATION OF AMPLITUDE EQUATIONS

Strings, beams, membranes and plates are examples of
gructures for which the geometricaly non-linear theory



must be used to correctly describe responses of such
dructures under sufficiently large externd forces.
Moreover, the interna forces of these structures can be
written as cubic functions of displacements.

In a case of free vibration, the motion equations of
undamped structures with cubic characteridtic, treated
as the discrete systems, can be written in the following
metrix form:

MW (t) + K, +K ,(w(t)|w(t) =0, ©)
where M = the globa mass matrix, K ,= the globd,
linear stiffness matrix and K , (w(t)) = the globd, non-
linear giffness matrix, w (t) = the globa vector of noda

parameters and dots means differentiation with respect
tot. It isuseful to note that, on afinite dement leve, the

non-linear stiffnessmatrix K 5(w(t)) can be written in
the form (see [3/4]):

K3(w,) = B’ (w,)EB(w,)dV, 4)

where E = the matrix of dadicity and V= the finite
edement volume. The matrix B(w) is the linear and
homogenous function of nodd parameters. It means
thet, the non-linear stiffness matrix is a quadratic and
homogenous function of nodd parameters. It is assumed
that the finite dement method is used to discretize the
continuous systems. The large displacements and smadl
rotations were assumed during the process of derivation
of the motion equation (3). Derivation of Equetion (3) is
givenindetail in[3]. Thekingtic energy K and the strain
energy U of the structure can be written in the following
form (see[3)):

K =W ()Mw(t), (5)
U = 3w (OKw(t) +sw K, (wt)w(t) . (6)

In this paper, the beam structures are considered as
example structures. For beams (see[3,9])

Ko=K, K,(w(t)=EA/IBw(t)Ww (t)B, (7)
where E= the Young's constant, A= the area of of
beam cross-section, |= the beam length and B = the
matrix of geometric Siffness.

The smplest method for derivation of the amplitude
equation is proposed by Me [6]. Subsequently, this
method was used in many papers devoted to non-linear
dynamic problems of beams and plates [7 - 11]. This

method assumes that the solution of motion equation
fulfils the conditions:

W max (1) = 'WZWmax(tl) , w(ty) =0, )
a the point of the reversd of motion (i.e. the point of
maximum amplitude). Conditions (8) can be dw
understood as the collocation conditions.

The above conditions are fulfilled if only the
fundamental harmonic is teken into account in the
gpproximate solution of motion equation i.e.

w(t) = acoswt . 9)

Introducing (9) into the equation of motion (3) and
usng conditions (8) the matrix amplitude equation is
obtained in the form:

(KO - WM +%K2(a,a))a: 0. (10)

The notation like K,(a,a) undelines that this

métrix is the quadratic function of amplitudes of noda
parameters.

Very popular methods of derivetion of amplitude
equations are the harmonic bdance method, the
Gaekin method and the Ritz method. The entire
above-mentioned methods make it possble to andyse
grongly non-liner systems. Moreover, as it is
demongrated in [3] dl of these methods give us
identical amplitude equations. The identicdl amplitude
equation is dso obtained if the method suggested by
Lau et al. [12] and the method proposed in [13] are
used.

Sometimes, the perturbation methods are used to
invedtigate the free vibrations of large non-linear
sysems. However, agpplication of these methods is
redtricted to weekly non-linear systems and for this
reason they are out of scope of this paper.

Below, the matrix amplitude equation will be briefly
derived with a help of the Gderkin method. An
approximate solution to motion equation (3) is assumed
in the following form:

w(t) =a; coszwt, (11
wherei=1,2,...,n, a;= the unknown amplitude vector,
z, = the gppropriately chosen natural number.

The assumed solution is gpproximate and after
introducing (11) into the motion equation (3) the resdud
vector r(t) is obtained. The Gaerkin conditions have
the fallowing form:

p
%G(t)cos zwidt =0, (12)
0

where 1=1,2,...n and T =2p/w is the fundamenta
period of free vibration. From (12) the following matrix
amplitude equations can be derived:

(Ko - ZVVZM )q|a1' +%aijkIK2(a1 ’aj)ak =0. (13)
The coefficients o, and &, appearing in (13) are
defined in reference [3].

After introducing notations:
Hkl :%aijlez(aWaj)ak ) (14)

a=col(a, 8y, ..., ,--v8p) (15)
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M :diaggzle,z M,. 2 2

u
sz ZHMQ ,
K =diag[K,K,....K,....,K] , (17)
Equation (13) can be rewritten in the following form:
(K+ﬁ(a)-mﬁh7l)a:0. (18)
The H(a) matrix is build from the blocks H,, defined
by (14).

In many ingances, only the fundamental harmonic is
taken into account in the solution of motion equation. In

thiscase z =1, n=1, K =K,, M=M, a=a,,

(16)

H(a) =H,,(a) =K, (@a)a (19)
and the amplitude equation takes the form:
(K,-wM)a+2K,(a,a)a=0. (20)

It is easy to observe that Equations (10) and (20)
differ by thefactor 3/ 4 in the non-linear term.

If the dimenson of w(t) vector is m, the assumed
solution of equation of motion contains n harmonics then
thedimenson of a vector ismn and is equa to number
of the equations resulting from the Gaerkin conditions.
However, there are mn+1 unknowns in the amplitude
equations because gpart from the vector of amplitudes
the frequency of vibration w is dso unknown. The
additiona condition must be added to Equation (18).
These conditions are discussed in the section that
follows

3. NORMALISATION OF AMPLITUDE VECTOR

The amplitude equation (18) can be treated as the
meatrix equation with parameter and the frequency w
can be chosen as the main parameter. It is obvious that
the trivid solution to amplitude equation exigts for dl
wl R.Thenontrivid solution exit if:

det(K + Fia) - w?M )=0. (22)

In the linear case, naturd frequencies of vibration
can be determined from condition (21) but in the non-
linear case the same is not possible because of the a
vector gppearing in (21). However, it is possible to use
the condition (21) as the additiond equetion to the
amplitude equation (18). To date, this possibility has not
been investigated.

In literature, one can dso find other proposd for the
above-mentioned condition, which is can be understood
samply as anorm of the amplitude vector. According to
the smplest and most popular condition, the fredy
chosen dement of a vector (say r and usudly the

largest one) has a prescribed vaue, which can be

written as.

a, =a, (22

where a = the maximum norm of amplitude vector. The

condition (22) is used in [6-11]. In the paper [3], the

additiona equation isteken in the form:

a'a=a?,

where a = the assumed norm of amplitude vector.
In the paper [13], the a vector is normalised in such

away that the average kinetic energy of the system of

interest has a given vdue R and the above-mentioned

condition can be written in the form:

3za'Ma =R. (24)
A different condition, based on the principle of

energy conservation, has recently been proposed and

used in a number of papers by Benamar and his co-

workers [14-18]. This condition dsates that the

maximum values of the srain energy U, () and the

kineticenergy K. (t,) aeequd i.e

U max(tl) = Kmax(tz) : (25)
After inserting the assumed solution (11) into (5)

and (6) the condition (25) can be written in the form:

W = dijaiTK 0 + % ni]ldaiTK Z(aj 'ak)al
4zjdija,.TM a

(23)

: (26)

where M =1 fordli,jk,|l.

In the papers mentioned above, reation (26) is used
to remove the naturd frequency of vibraion from the
amplitude equation (18). However, after such
modification, the amplitude equation is till homogenous.
For this reason, the condition (22) is included into the
st of problem eguations and smultaneoudy the
equation corresponding to amplitude r is removed from
the matrix amplitude equation. Please note that condition
(26) looks like the non-linear Rayleigh quotient.

4. NON-LINEAR RAYLEIGH QUOTIENT

Theclasscd Rayleigh quotient can be derived in a few
different ways, which will be briefly discussed below.
The amplitude equetion for the linear system has aform:

(K - w?M)a=o0. 27)
By premultiplying Equation (27) by a' we obtain
the well known Rayleigh quotient

WZ_aTKa
a'Ma

(28)
From the mathematicd point of view the Rayleigh
quotient can be understood as the solution of the



overdetermined st of equations with respect to w
(here the matrix amplitude equetion) if the
gpproximation of the amplitude vector is known.

The identicd Rayleigh quotient is obtained from the
principle of energy conservation, written in the form of
relation (25) because for linear systems

Kmsx =2Wa'Ma, U, ,=1a'Ka. (29)
The congdered sysems are autonomous and the

principle of energy conservation must be saidfied in
every time ingtance. Therefore, the integra of action

]
2\
J :?OdJ(t) - K(t)]dt, (30)

can be understood as a functiona which express the

principle of energy conservation in aweek sense.

Introducing the solution of motion equation of linear
systems w (t) =acoswt into (30), we obtain
J(aw) =iwa'Ma- La'Ka. (31)

If J(a,w) will be conddered as a functiond of a
and w as the parameter then from the Hationary
condition dJ =0 Equation (27) is obtained. Moreover,
it is assumed thet the vaue of functiond J(a,w) a the
point of gationarity is equa zero, which means that the
condition of consarvation of average energy is exactly
fulfilled. Once again, from the condition J(a,w) =0 we
obtain the Rayleigh quotient. In concdluson, we have
three ways of derivation of the Rayleigh quotient.

Up to now, the Rayleigh quotient has not been
defined for non-linear systems. Below, the possibilities
of extending of this quotient for non-linear systems of
interest will be discussed.

By pre-multiplying the amplitude equation (13) by
a' thefollowing quotient
\NZ — dnaiTKoai + %a'jkla1TK Z(ai ’aj )ak

zd,a’Ma
is obtained. If only one harmonic is induded in the
solution of motion equation, then
W = a'K a+ia'K,(aa)a
a'Ma
Following, in the same way, with the amplitude

equation (10), resulting from the collocation condition,
we obtain:

a'Ka+ia'K,(aa)a

, (32)

(33)

W = z (34)
aMa
Quoatients (32), (33) and (34) will be cdled the non-
linear Rayleigh quotients of firgt kind.

Posshilities resulting from the condition of energy
conservation will be now andysed in detall. Please note
tha Equation (26) resulting from (25) can be

understood as the second possible definition of the non-
lineer Rayleigh quotient. This quotient differs with one
given by (32) because, in generd, m)y * &y -
Therefore, quotients resulting from energy  conditions
will be cdled the nonlinear Rayleigh quotients of
second kind.

If one harmonic solution of mation equation is of
interest then n=1, a; =a, z =1 and from (26) we
obtain the following quotient:

T 1T
WP = a K°a+‘.‘ra Kz(a,a)a, (35)
aMa
which differs both from quotient (33) and (34).
Furthermore, the non-linear Rayleigh quotient can
be defined on the bass of the principle of energy
consavaion in an average sense This principle is
written in the form:
U,=K,, (36)

where K, = the average kinetic energy and U = the

average grain energy. These energies are defined as.
T T
_ 2~ 2
Ka —;9<(t)dt, U, —;g(t)dt. (37)

It is obvious that the conddered system is
autonomous and that the principle of energy
consarvation can be satisfied in every time instance t.
However, we must take into account that the exact
solution of motion equation is not known. Neither the
principle of energy conservation nor the equation of
motion are fulfilled by the approximate solution in every
timeingancet.

It seams to be reasonable that for the approximate
solutions, the principle of energy conservation must be
fulfilled in an average sense.

After introducing Equation (11) into relaions (37),
(5) and (6) we obtain:

K, =%zzdwaMa, , (38)

U, =3da'Kqa +za,aK,(a,a)a , (39)

From condition (36) we obtain the following non-
linear Rayleigh quotient:
— dijaiTKOaj +%aijkla1'TK Z(aj’ak)al

W (40)
dia’Ma,
Once again, we obtain another formula for the non-
linear Rayleigh quotient.

In the linear case, the Rayleigh quotient can be
derived from the condition J(a,w) = 0. Now, we will
andyse consequences of this condition in a non-linear
case. Condiderations are restricted to the one harmonic
solution of motion equation, i.e. when w(t) =acoswt .
Two cases ae conddered. In the firt case the



functiond J(a,w) results from the principle of average
energy conservation i.e.

'J(a’W) ° 'Ja(a’W) = Ua(a) - Ka(a’w) ’ (41)
while in the second case the functiond is defined as
Jaw)°® J(aw)=U (@) - K, @w . (42

Inserting Equation (10) into (5) and (6) and using
relations (25) and (37) we can write:

J(aw) =1a'Ka+ika'K,(a,a)a- twa'Ma,(43)

where k =3/4 in the fird case and k=1 in the
second. Now a isthetrid vector and w is trested as a
parameter.

At a ddionary point of J(a,w) the variation
dl(aw) mug vanish, which yidds the following
dationary condition
K,a+ikK,(a,aa- wMa=0, (44)
which agrees with the previoudy derived amplitudes
equation (20) (first case) or (10) (second case). If we
additiondly introduce the condition that a the point of
dationarity J(a,w) = 0 then the parameter w can be
cdculated from the following relation

T 1 T
WP = a K0a+4Tka K,(aa)a , (45)
aMa

which for k =3/4 agrees with (40) and for k =1 is
identica with (35).

5. REMARKS ON AMPLITUDE EQUATION AND
NON-LINEAR RAYLEIGH QUOTIENT

The following conclusons result from the above
consderations.

The amplitudes equation (10) resulting from the
collocation condition is smultaneoudy the condition of
detionarity of the functiond J,.(a,w) while the
amplitude equation (13) derived with a hdp of the
Gaekin method is dso the dationary condition of
functiond J,(a,w) reulting from the principle of
conservation energy in an average sense.

We have two possible ways of extension of the non-
linear Rayleigh quotient concept in a non-linear case.
Thefirgt way, leading to the non-linear Rayleigh quotient
of firsd kind can be understood as the condition of
fulfilling the amplitude equetion with respect to w if
some gpproximation of the a vector is avallable. In the
second way, the frequency of vibration is calculated
from the principle of energy consarvation (in an
averaging sense or in asense of conservation of maxima
energies).

From the mathematical point of view the considered
problem is fully defined by the amplitude equation and
the condition of existence of non-trivid solutions (21).
Condition (21) is hard to use in computing procedures,

that is why different conditions, such as (22), (23) or
(25) are used in practice.

Definitions of the non-linear Rayleigh quotient of first
and second kind differ from each other in the non-linear
teem. Both have cdear mathematicd or physicd
interpretetion. The Rayleigh quotient of second kind is
an additiona physca condition which mekes the
consdered problem underdetermined because now we
have n+2 equations (i.e. n amplitude equations, the
condition of exisence of nontrivid solution and the
condition of energy consarvation) with only n+1
unknowns. The Rayleigh quotient of first kind can be
interpreted as an additional condition from which the
best approximation of frequency of vibration can be
determined for a given approximation of non-linear
eigenvector a. This condition does not introduce any
additional equation into problem formulation and it is
only an auxiliary equation, which can be used in the
procedure for solving the amplitude equation.

The principle of energy conservation is an essentia
that should be fulfilled for every autonomous dynamic
system. Differences in the proposed non-linear Rayleigh
quotients suggest that the approximate solution of
motion equation (11) do not fulfil the principle of energy
conservation.

In this paper, two formulaions of amplitude
equation are discussed. The firg formulation uses the
collocation condition while the second formulation
utilises some averaging procedure. Both formulations
mugt be internaly consstent. This will be achieved if we
will use the functiond, the amplitude equation and the
non-linear Rayleigh quatient in forms shown in Table 1.
Others formulations, including the formulation proposed
in papers [14-18] are internaly incongstent. Obvioudy,
this concluson applies dso to gpproximate solutions
with many harmonics.

Both interndly conddent formulations ae
goproximate, which means tha dl solutions ae
burdened with errors. The rationa choice of formulation
requires an analyss of accuracy of the results obtained.
It is very difficult in the generd case, therefore only
numerica results of accurecy anadyss for beam
sructures will be presented and briefly discussed in this

paper.

Table1
Formulation Collocation Gderkin
Functional Jn(@w) J.(@aw)
Ampl-itude Formula(10) | Formula(13)
equation
Raylegh




quotient of fira| Formula(34) | Formula(32)
kind

Rayleigh

quotient of Formula(26) | Formula (40)
second kind

6. THE VECTORS ITERATION METHOD

In this section the method to solve amplitude equations
using the non-linear Rayleigh quotient is described. The
method will be referred as the vector iteration method
because of samilaities between the dgorithm of the
proposed method and the well-known method to solve
liner eigenvalue problems. In this paper only the
procedure of determingtion of the fundamenta
frequency and the mode of vibration will be described.

As it was shown above, andyss of non-linear free
vibration problem requires solution of the matrix
amplitude equation, which can be rewritten here in the
falowing form:

F(a,a) =wWMa, (46)
where F(a,a) = the vector whose eements are non-

linear functions of dementsof a and the parameter a
(a = the amplitude of vibration at the point p). It is
assumed that the solution exit,

F(O,a) =0, ”(‘5\"¥ =maxa, =1, G(a’a):jT_':1 (47)

andthe G(a,a) matrix is pogtive definiteness.

The solution of amplitude equation presented in this
section has been obtained by means of the vectors
iteration method. It is a well-known method to solve
linear eigenproblems [1], and is extended here for the
non-linear case. The procedure concerns the case
a = const. but it is possible to find the backbone curve
w(a) by repesdting the calculations for a st of a
values

The dgorithm of the method has an iterdive
character. It is assumed that certain gpproximation for
w(a) and a is known and denoted as w and a; (i
means the number of iteration). The good firg
gpproximation is a non-linear eigenpair obtained for the
previous a vaue or linear ones obtained by solving the
linear eigenproblem as follows:

(G(0,a)- w’M)a=0, (48)

Now, for given w and a;, we can solve the
following non-linear dgebraic system, for ingance, by
means of the Newton-Raphson method:

F(c..a)=wMa, (49)

where ¢, isnow the unknown vector.

As the next gpproximation of eigenvector a we
take over the vector proportiond to c;,; and whose
normisequa 1. A new gpproximation of w is obtained
from:

—_ a'-ir+:I_|:(ai+l7a)
a.,Mal,
which isthe Rayleigh quotient of first kind.

Theiterdive processisfinished if:

|\Niz+1' V\(Z|£QV\(2+11 |ai+1' ai||2 £ez|
(51)
where g and e, = the accuracy of caculation.

: (50)

1+1

ai+l 27

7. RESULTS OF EXAMPLE CALCULATIONS

In this paper, conclusons concerning the accuracy of
gpproximate solutions of equations of motion are draw
from the values of the energy error introduced below.
This definition follows from the integrd of action

.
2
L —?dK (t) - U(t) +W(t)dt, (52)
0

where W(t) = the potentid of externa loads If a
system is autonomous then from the principle of energy
conservation results that L =0. After introducing the
goproximate solution into the equation of motion the
vector of resduds r(t) isobtained. The - r(t) vector
Istreated as the vector of fictitious forces that must load
the system if its vibrations are exactly described by the
above-mentioned approximate solution of motion
equation. The potentid of fictitious forcesis given by
W) =-w' r (), (53)
and the average potential W, is
T

_ 2T
W, = = oY (t)rt)dt . (54
0
The energy error is defined in the form:
DE, =2 =Ka~Ua Ve (5)
Ea Ka +Ua

If the gpproximate solution of motion equation has
theform w(t) =a, coszwt then

W, =-as,, (56)

wherel=1,2,...,n, and



.
2 ~

S = T O(t) COSZzWidt . (57)
0

If the Gderkin method is used, then in dl cases
W, =0. However, W, * O if the collocation method

and the Benamar method are used.
7.1 Fixed - fixed beam

The backbone curve for fixed-fixed beam is determined
using the finite dement method. The beam is divided into
ten finite dements The one harmonic solution is
assumed. Results of caculation are shown in Figure 1 as
the solid and dashed line for the Gderkin and the
Benamar method, respectively. The non-dimensiond
amplitude of vibration means al/i, where a= the
amplitude in the middle of the beam and i= the radius of
moment of inertia. Differences between results obtained
with a hep of both methods are sgnificant. In Figure 2,
the average energy error of compared methods is aso
shown. All erors are negative and the modulus of
energy error of the Gaerkin method is smdler then the
energy error of the Benamar method. The Newton-
Raphson method is used to solve the matrix amplitude
equation. Usudly, three iterations are enough to fulfil
convergence conditions.

7.2 Multispan beam

The three span, smply supported beam shown is
consdered. The firgt and third span has the length two
times larger then the second span. The beam is divided
into twenty finite dements. The one harmonic solution of
motion equation is assumed. The results of cdculation
areshowninFigure 3. The

— 4.0
8

o _
©
EREEE
g— i
- 2.0 1
@

lo 7
5 10-
£

-c -
&

c 0.0 T 1 | — | — T | —

0.9 1.0 1.1 1.2 1.3 1.4
nondimensional frequency ratio

Figure 1. Backbone curvesfor fixed-fixed beam

o) 0.05

GL) -

S

Q

o

g

o)

e

k)

:

"g -

8 '025 T T T T T T T T T
0.0 10 20 3.0 4.0 5.0

nondimensional amplitude ratio (a/i)

Figure 2. Energy errors of approximate solutions

non-dimengond, fundamenta frequency of vibration
w/w vesus the non-dimensona amplitude of
vibration a/i in the middle of the firs gpan of beam is
presented. Results obtained by means of the Gaerkin
and the collocation method are shown as the solid and
dashed line, respectively. Moreover, the vector iteration
method is used to determine the mentioned backbone
curve. If the Rayleigh quotation of fist kind is used than
this method gives us results dso shown on Figure 3. The
smdl circles presents the results of solution of amplitude
equations derived with a help of the Gaderkin method
while smal crosses shown results of solution of
amplitude equations resulting from the collocation
method. It is obvious that both gpproaches to the
solution of amplitude equation give us identica results.
However, the iteration process of the vector iteration
method does not converge if the Rayleigh quotient of
second kind is
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used. These results are in agreement with remarks
presented in Section 5.

8. CONCLUDING REMARKS

The following conclusons can be formulated on the
basis of consderations presented in this paper.

Severd agpects concerning formulation and solution
of amplitude equation arising in problems of non-linear
free vibration of system with cubic non-linearity are
discussed.

The concept of the Rayleigh quotient is extended to
the non-linear case. The Rayleigh quoatient of first kind is
proposed as a right definition in a non-linear case.
Moreover, the quotient is used to develop a new
method for solving the non-linear eigenvaue problem.
The mentioned method is an extenson of the vector
iteration method to the non-linear case.

Cdculation results suggest that the Gaerkin method
give us most accurate results in comparison with ones
obtained using the collocation method and the method
proposed in papers [14-18].
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