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Abstract. The problem of non-linear, periodic vibration of frames structures with clearances
at supports is considered. The steady state responses of structures excited by harmonic forces
are of particular interest. The periodic solutions are described using truncated Fourier series
in time. The Fourier coefficients are determined from the non-linear amplitude equations. The
matrix amplitude equation is derived with the help of the harmonic balance method. The
unilateral constrains are taken into account in a course of determination of amplitude
equation coefficients. The amplitude equation is treated as the equation with parameter and
the frequency of excitation is chosen as the main parameter. The incremental-iterative
procedure is used to solve the amplitude equation and to determine the response curves.
Results of example calculations are also presented and briefly discussed.
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1 Introduction

In this paper we consider the problem of non-linear, steady state vibration of frames and
beams with clearances at supports. In particular, we analyse the structures excited by
harmonic forces. These types of structures have a piecewise linear characteristic. As it is
shown in [1], the behaviour of such structures could be strongly non-linear.

The static problems of the so-called slackened frame structures (i.e. structures with gaps at
structural joints and supports) have been analysed by Gawecki et al. (see [1,2]) where an
advanced computational model is introduced.

The particular problem considered in this paper belongs to a wider class of dynamics of
systems with non-smooth characteristics. The example of complex system with non-smooth
characteristic is a multibody system that contains the colliding bodies. Recently, in paper [3]
the advanced formulation of dynamic problems of such systems is presented. In this case, the
motion equations are usually solved using the time integration methods.

The dynamic problems of structural systems with piecewise linear stiffness, such as beams or
frames, are rarely considered. Only in [4,5], the steady state behaviour of beams are
considered. Moreover, the multi-degree-of-freedom systems are analysed in papers [6,7]
where the periodic responses of systems are considered.

Most of the recent research concerning impact oscillators is based on single-degree-of-
freedom models. The one-degree-of-freedom systems with piecewise linear stiffness are
extensively studied in many papers. An overview can be found in Bishop [8]. It was found
that the dynamic behaviour of one-degree of freedom systems could be very complicated. In
previous papers [9-11], the periodic, quasi-periodic and chaotic motions are analysed both
theoretically and experimentally.

The paper is organised as follows. The assumptions and equations of motion are discussed in
Section 2. In Section 3 the matrix amplitude equations are derived with the use of the
harmonic balance method. The method of determination of response curves is described in
Section 4. The results of example calculations are presented and discussed in Section 5.
Finally, in Section 6 some conclusions are drawn.

2 Assumptions and equations of motion

Consider the elastic bar structure excited by harmonic forces. The gaps exist between the
structure and some structure supports. However, it is assumed that the ordinary supports (i.e.
supports, which can be treated as the two-side constraints,) secure the geometric immovability
of considered structures. The frame or beam with all gaps open will be called the basic
structure. Two kinds of gaps, the linear and angular ones, are taken into account in particular.
The friction forces at supports are neglected. Moreover, the structure is massless and mass of
the structure is lumped at some points. It is also assumed that there are no masses at points
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where the gaps can occur. Displacements of structures and gaps are small enough so the linear
theory of kinematics can be used. An example of the considered systems is shown in Fig.1.
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Fig.1 The example of frame with gaps (the angular ¢ and the linear w)

The unilateral conditions can be written in the following form [1]:

g(t) =NTw(t) -w, <0 , (1)
signr(t) = signw(t) , (2)
r'(Hhgt) =0, 3)

where r(t), w(t), w,, N are, respectively, the vector of support reactions, the vector of

structure displacements at supports, the vector of limits gaps and the matrix of compatibility.
The inequality (1) can be also written in the form:

w, sw(t)<w,, (1a)
where W, W, are the vectors of lower and upper limits of gaps, respectively. The finite
element method is used to model the structure in a usual way.

Taking into account the above assumptions, we can write the equilibrium equation at time t in
the form:

MY(t) + CU(t) + KU(t) —p(t) —f(t) =0, 4)
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where symbols M, C, K, U(t), p(t), F(t) denote the mass and damping matrices, the

stiffness matrix of the basic structure, the vector of nodal displacements of structure, the
vector of nodal excitation forces and the vector of reactions at supports with gaps,
respectively. Dots indicate differentiation with respect to time. In general, at time t, the vector
V(t) =col(vg4 (t),v,(1),v,(t)) contains three types of displacements, i.e. the displacements

V4 (1) which cannot be in contact with support, the displacements Vv,(t) which can be in
contact but they are not at the present time, and the displacements v, (t) which are currently
in contact with supports. It is obvious that dimensions of vectors Vv, (t) and v, (t) change in
time but in all cases w(t) =col(v,(t),v,(t)). Now, taking into account this partition, the
above equation could be also written in the following form:

MV, (D) +Cvy (1) +Kyggvy (D) +Kg v (1) +Kgav, (H) —p(t) =0,
KigVg(®+Kyv (1) +K,v, (1) =0,

Kadvd (t)+KaIVI(t)+KaaVa(t) _ra(t) =0 (5)

For the given vectors V4 (t), v,(t) and v, (t) = v,,, where Vv, is the vector of currently
closed gaps, the vector of reactions F(t)=col(0, 0, r,(t)) could be determined from
Equation (5.3). Using Equation (5.2), we obtain

V() =K' Kgvg (1) —K 'K Vg, (6)

and Equation (5.1) can be rewritten in the following form:

2(t) =MV (1) +Cv gy (1) +K(t)vgy (1) —p(t) +f, (1) =0, (7)
where

K(t) = Kgg ~KgKy'Kyg fo(t) = (Kda _KdlKﬁlKla)Vao ) (8)

and the residual vector z(t) vanishes in an equilibrium state. The motion equation (7)

describes oscillations of structures in terms of nodal displacements which cannot be in contact
with supports. The elements of the stiffness matrix K(t) are functions of time because

dimensions of matrices K, K, and K, change in time. The non-linearity also comes into
our problem through the vector f(t).

In this formulation the damping matrix C could be non-proportional but, in this paper, we
assume that

C=aM +pK , ©
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where a, [ are the proportionality factors and K is the stiffness matrix of the basic

structure. This matrix can be determined using Equation (8.1), assuming earlier that all gaps
are open, i.e. the dimension of vector v, (t) is equal to zero.

3 Steady state solutions and amplitude equations

It is assumed that the vector of excitation forces can be described by:
p(t) =p; cosz; At +p; sinz;At , (10)

where Aand T =27/A are the fundamental frequency and the fundamental period of
excitation, respectively, and p;, p; are vectors of amplitudes of excitation forces. Moreover,
z; denotes the chosen integer number and i=1,2,...,r. The summation convention holds for
repeated indices.

There are two different approaches for computation of the periodic response of a highly non-
linear system. The first one is based on determining the monodromy matrix using the shooting
method (see, [12]). The second approach, which we have followed in this paper, consists in a
Fourier series expansion analysis. In this context, the harmonic balance method is widely use
to solve non-linear problems under periodic excitation. The method is well-known from
literature. The advanced computational formulation of the harmonic balance method is given
in [13-15].

Following the harmonic balance method, the steady state vibration of considered structures is
assumed to be described by the multi-harmonic function, i.e.

V4 (t) =aj cosz;At +a; sinzjAt , (11)

where a; and a; are unknown vectors of amplitudes of vibration. Notice that the above form
of solution is valid only for displacements which cannot be in contact with supports.

Sometimes, in non-linear systems, higher harmonics have a significant part in steady state
responses of systems. For example, the complex behaviour of a system with piecewise-non-
linear stiffness is reported in [10]. The proposed form of solution of motion equations takes
into account these possibilities. However, it will be shown later that the response of a
particular beam with a gap at support is periodic and that the influence of higher harmonics is
small.

The assumed solution of motion equations is not exact and after introducing Equation (11)
into (7) we obtain a vector of residuals z(t). The equilibrium conditions can be fulfilled only

in a weak form. The weak forms of equilibrium conditions are:
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T T
1 1
onz(t)cosz,/\tdt =0, EJz(t)sinz,/\tdt =0, I1=1,2...r,  (12)

from which we obtain a following set of non-linear amplitude equations:
cc 232 c cs S C0 _AC
( i ~ZiA Mli)ai "'( i +Zi/]CIi)ai +7 =py,
( i~ AC )aiC "'( P —ZiA*My, )aiS +° =p; . (13)

for1=1,2,....r.
Using the orthogonality properties of trigonometric functions we can write:

M; =Mg; , Ci =Cg; . (14)
where &; =0 for i #1 and & =1 for i =1. The matrices K¢, K}°, K}°, K}° and vectors

f°, £ depend on unilateral conditions which are active during the period of oscillations.
These matrices and vectors are defined as follows:

y :ZLT;[K(t)coszl/\tcoszi/\tdt , T :ZLT;[K(t)coszlAt sin z; Atdt ,
Pl 1]
sc =EJK(t)sinz,/\t coszAtdt s =EJK(t)sinz,/\t sinzAdt , (15)
1] 1
feo =onfo(t)cosz,/\tdt : f oo =onfo(t) sinz, tdt . (16)

From these definitions it is easy to conclude that

cC cc SS SS Cs __ SC ( 1 7)

il — i il ™Moo il ™

Taking into account the fact that the elements of matrix K(t) and vector f,(t) are constant in

intervals of time where the number of closed gaps is constant; we can rewrite Equations (15)
and (16) in the following form:
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tg bg
1 1
i :EZKK Icoszl/\t cosz;Atdt | i :EZKK J.COSZV“ sinz;Atdt
k tig k tig
1 tkg l tkg
Klsic :EZKK J.Sil’lZ|/\t COSZi/]tdt , ISiS :E Kk IsinZ|/]t Sil’lZi/]tdt , (18)
k tig k b
1 K 1 "
= o8 [eosz, £ =2 D R [sinz, At . (19)
k tyg k tg

where K, and f. are the matrix K(t) and the vector f,(t), respectively, determined in the
interval “k”. The symbols t,4 and t,; denote the two successive time instances at which at

least one gap closes or opens. Summation in (18) and (19) is over all intervals. It is easy to
check that, for i # |, the results of integration can be written as follow:

fi sin(z; +z))At,, —sin(z, +z,)At sin(z; — z,)At,, —sin(z, —z,)At
tJCOSZiAt cosz,Atdt = B 2(;? ey I S - 2(;“? . P T
fi ' cos(z; +2,)At,y —cos(z; +z,)At cos(z; —z,)Aty —cos(z; —z,)At
tk.!;51nzi/\tcosz|/\tdt = B 2(;(: ey L I i 2(;? .y P17 kg
tkjsinzﬁt sin 7 Atdt = sin(z; —z))Atg —sin(z; —2)Aty  sin(z +2)) Mg —sin(z; +2))At
o 2(z; — 7))/ 22 7))
(20)

Moreover, for i =| we obtain

tkj‘cos2 z,Atdt = o ~ tua + ! (sin2z At,, —sin2z,At )

o T2 42, 1" 1 | >

thinz At =9 (sin22, 4ty —sin2z,4t,q )

o2 47, 1" 1 | >
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tkg

1
J.sin z, At cos z; Atdt = 22
|

9%

tkg

L. )
9%
t
kg . _ 1
jsmz,/\tdt —ﬁ(—coszl/\tkg +cosz,/\tkd) . (21)

tg I

The limits of intervals t,y and t,,, appearing in the above integrals, must be determined
numerically. The following procedure is used. For a given time t, we can calculate the vector
V4 (1), using Equation (11). The dimensions of vectors Vv, (t) and V,, must be determined in
an iterative way. Having v 4 (1), the vector w(t) can be calculated from

w(t) = —Kj'Kgvq (1) . (22)

Equation (22) follows from (6) if we assume that all gaps are open, which means that
w(t) = v,(t) and dimension of the vector v, (t) =V, is equal to zero.

The second possible choice is to take the vector v, (t) from the previous time and calculate
the vector Vv, (t) from Equation (6). Now, we can verify the unilateral conditions (1) and we

can find out which gaps are closed. The nodal displacements corresponding to closed gaps are
equal to lower or upper limits of gaps and create the next approximation of vector
V,(t) =V, . This ends the first iteration. In the second iteration, having vectors Vv (t), V,,

and their respective dimensions, we can build new matrices K, K,;, K, and calculate the
new approximation of vector V,(t), using Equation (6). If all elements of v, (t) fulfil the

unilateral conditions (1) the iteration process is completed. If not, the next iteration is
performed. In our calculations, only two iterations are needed to obtain the correct vector
w(t) = col(v,(t),v,(t)) fulfilling the unilateral conditions.

Notice, the problem of finding the vectors Vv,(t) and v,(t) that, for given vector v, (1),

fulfil the unilateral conditions (1) — (3) and the equilibrium conditions (5.2) and (5.3) can be
formulated and solved using the mathematical approach

The above procedure is repeated for a number of time instances closely spaced, in a range of
integration (0,T), on a time axis. If for two successive time instances t, and t,,, different

gaps are closed, there exist a time instance t; in which at least one gap closes or opens. This
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particular time can be determined using the method of bisection or the interpolation procedure
described below. The vector of velocities V4 (t) at times t, and t ., can be calculated from

Vg4 (1) = —z;Aa] cosAt +z;Aa; sinAt . (23)

Taking into account that Vv, (t)=V,, =0 and after differentiation of Equation (5.2) with
respect to time we obtain

V()= K 'K vy (t) (24)

Now, it is assumed that for a sufficiently small interval of time At=t,, —t, the
displacements Vv, (t) can be approximated using the linear functions. The time t; can be
calculated using the following formulas:

to=t, +— (25)

if the gap closes while

Vo, =V,
t; =t, + At +-20—" (26)

Vit

when the gap opens. In Equations (25) and (26) v,, V.., V,, V,+ are the displacements and

velocities of node which can be in contact with the support and evaluated at time
t, and t, ., respectively. Moreover, V,, denotes the limit of gap at this support. An idea of

the proposed interpolation procedure is illustrated in Fig.2. The time t; must be precisely

determined because it has significant influence on calculation results. In this way, the

unilateral conditions are taken into account during the process of calculation of matrices

cc CS sC

SS C S
i Ky, Ky, K and vectors f, /.

The second possible approach to calculate the above mentioned quantities is simply to use the
trapezoidal rule to calculate the integrals appearing in Equations (15) and (16). The
appropriate formulas are:

1 K

y :Ezmk (Kk_1 cosz; Aty _, cosz;At, ; + K, coszAt, coszi/]tk) ,
k=1
1
k=1
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1 K
k=1
1 K
f 0 :E;Atk(ff_1 coszAt,_, +f; cosZ,/\tk) ,
1 K
f % :E;Atk (flf’_1 sinz At _, +f. sinzl/\tk) , (28)

where K, =K(t,), fJ =f°(t,), At, =t, —t,_,. Approximately, one hundred intervals are

sufficient to obtain correct results. In this case, the time instances where the stiffness of the
system changes must also be precisely determined.

s V
a) b}
vﬂﬂ' vﬂﬂ'
v Vot
£, Latl] £, Latll
i i
1 1
Al Al

Fig.2 The illustration of approximation procedure

For the given frequency of excitation A, the amplitude equations (13) are solved with respect
to aj and a;. The problem is non-linear because of the unilateral conditions (1) - (3). For this
reason, the iterative procedure must be used. This procedure is described in the next section.

4 Determination of response curves

In many cases, the response curves must be determined in order to show the dynamic
properties of the system under consideration. The response curve is obtained if the amplitude
equations are solved for a set of values of excitation frequency, taken from a prescribed range
(Ay> A,). The incremental — iterative method is used to determine the response curves

efficiently.

10
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To be more consistent we introduce the following notation:
5 — C S C S C S [~ C S C S C S
a—col(al,al,az,az, ..... ,ay, ar) , p —col(pl,pl,pz,pz, ..... ,pr,pr) ,

str sty

Fo _ Cco SO Cco SO co SO
Fo = col(f®,f2,F80,85°,.....,F°,F2)

R—[ i '] C—z{o C} M—ZZ{M 0}
i — ’ I 4l ’ I “l ’
e ¢ 5o -C 0 0 M
M = diag(M,,, M,,,.....M,,) , C=diag(C,;, Cp.......Crr)
> S Rof oo R,
K21 K22 ------------ K2I ----------- K2r
L - 09)
Kll KIZ ............. K” ............ Klr
Ry Ry oo S K.

Now, the amplitude equations (13) can be rewritten in the following compact form:
(R-rM+AC)a +F° =p . (30)

The solutions of amplitude equations are represented by a sequence of excitation frequencies
MA and the amplitude vector "& for m=1,2,..... For any incremental step, the vector "a and

MA of the preceding step m are assumed to be given. At the beginning of the incremental
procedure we can take A, far from the resonance regions. In non-resonance regions usually
all unilateral conditions are non-active and the problem is linear.

For given ™A and M@, the frequency of excitation is increased by A, ie. ™'A="A +M
and the amplitude equations are solved in an iterative way, taking the vector " as the first

approximation of the vector @ in the iteration procedure. This completes the incremental step.

It is assumed that in a typical iteration we know an approximate solution denoted by a'. Now
it is possible to calculate the matrix K and the vector T°, using the procedure described in

11
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the previous section. The next approximation of the solution of amplitude equations a*l s

determined from Equation (30). The iterations are repeated until the following condition is
fulfilled:

~

Hai+l -3

Nt 32)

where &, 1s the assumed accuracy of calculations.

Using the above procedure, only the stable parts of the response curve can be determined. A
more advanced procedure, similar to the continuation method described in [15], must be used
if the whole response curve is needed. Research concerning this subject is in progress.

5 Results of example calculations

The response curve of the simply supported beam, shown in Fig.3, has been calculated and is
presented in Fig.4. The data are as follows: the mass M =200.0 kg, half of the beam length

a =2.0 m, the damping factor ¢ =150.0 Ns/ m, the beam rigidity EJ = 350550.0 Nm? the
amplitude of excitation force P =250.0 N and the accuracy of calculation & =0.01. The
beam has a rotational clearance at left support. The upper and lower bounds of rotation at
support are @, = 0.005 rad and @, = —0.005 rad , respectively.

© Fre)
4 MR E E
e -

3 [

Fig.3 The simply supported beam with rotational gap

The results obtained by the method presented in this paper are shown as the thick line in Fig.4
and denoted as Curve 1. In [16], for this particular case we obtain the steady state solutions by
means of the harmonic balance method and the continuation method. The three harmonics are
taken into account in the Fourier series describing the steady state solution of motion
equations and it was found that the influence of higher harmonics is very small. The results
are shown as the thin curve denoted as Curve 2.

Moreover, the steady responses are obtained by means of the time integration method. The
well-known Newmark method is used and the results are depicted in Fig. 4 by small crosses.
It is obvious that there is strong agreement between results obtained with the use of all
method. It is also demonstrated in [16] that it is possible to determine the whole response
curve by the continuation method. The obtained results clearly indicate that the considered
beam is a strongly non-linear system. In Fig. 4 two additional curves which represent the

12
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linear solutions, denoted as Curves 3 and 4, are shown for comparison. Curve 3 and 4 are the
response curves of the simply supported beam and of the fixed-simply supported beam
without gaps, respectively. The peak of non-linear response curve is lower then the peak of
response curve for simply supported beam but higher than the response curve peak for fixed-
simply supported beam. We also observe from Fig.4 that the non-linear response curve tends
to be vertical in the upper part and that the main resonance region is between the natural
frequencies of the simply supported beam and the fixed-simply supported beam, respectively.

0.04
— 0.03 -+
e
e
[
S i
=
S
S
> 002 -
o
(6]
o)
3 -
=
e
< 0.01 -
0.00 . . . . : . —
20.0 40.0 60.0 80.0 100.0

Frequency of excitation [rad/sec]

Fig.4 Response curve of simply supported beam with rotational gap at support

w2, Fre) “,
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2 e Ty S, %
- L L . LT ey o L -
a a = oW 5 2

Fig.5 The beam with gaps at supports

The second example concerns the beam shown in Fig.5. The beam is divided into 8 equal
finite elements of the length a = 0.6 m each; the granulated masses are also identical and

M =100 kg. The beam rigidity is EJ =2,000,000.0 Nm”, the non-dimensional modal
damping factors of the first and second linear modes of vibration are ), =), =0.008. There

are three gaps in this case, two rotational gaps at left and right support and @, = 0.04 rad,

13



Roman Lewandowski

¢, = 004 rad, @y, =0.002 rad, @y, =—0.002rad, W, =0.02m and ws, =002 m,
respectively. The excitation force acts on the second mass and p, =100.0 N while
P, = 0.0 N . Moreover, & = 0.01. Now the system with many degrees of freedom is analysed.

0.008
0.007 A 1
. I|
—  0.006 - ' curve 2 Curve 1
£ I
bl -
s l
3 000 1 ! Curve 4
S -
£ i I
> 0.004 | !
o |
3 } I ||
2 0003 A | I Curve3
B . §
<  0.002 - | | \
| \ /
;)
0.001 - \ e
4 \ - i N
0.000 T T T T T T T T T |— T T T T T

140.0 160.0 180.0 200.0 220.0 240.0 260.0 280.0 300.0
Frequency of excitation [rad/sec]

Fig.6 Example 2 - Response curves

The response curve is shown in Fig.6 and denoted as Curve 1. This picture shows the
amplitude of vibration of the second mass versus the frequency of excitation. In this case, the
gap at the right support is closed during a part of period of vibration. The curves denoted as
Curves 2 and 3 are the response curves for the simply supported beam and the simply
supported-fixed beam, respectively. The results are similar to those presented in Fig.4.

The dynamic behaviour of this beam changes significantly if the gap in the middle of the
beam can be closed. The response curve for the considered beam with different gaps at
supports is shown in Fig.6 and denoted as Curve 4. Now the limits of gaps are:

¢ =004 rad, ¢, =-004rad, @y, =004rad, @y, =-004rad, w;, =0006m and

Ws, = —0.006 m . We see that in this case the response curve is almost horizontal and does not

grow as the previously discussed curves. The reason is that in this case the first natural
frequency of a two-span, simply supported beam is far from the considered range of
excitation frequency. The non-linear part of the response curve of the beam with gaps is
similar to the response curve of the above mentioned two span beam in non-resonance region
but with much greater amplitudes of vibration.

14
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6 Concluding remarks

A method of analysis of steady state vibration of beams with gaps at supports is proposed in
the paper. The harmonic balance method is used to derive the amplitude equations. The
incremental-iterative procedure is used to determine the response curves. Results of example
calculations are also presented and briefly discussed. These results show that the dynamic
behaviour of the considered structures can be strongly non-linear and depend very much on
reciprocal proportions of limit values of gaps. Only beams with symmetric limits of gaps are
considered.
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