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Abstract

This paper presents, the possibility of using a semi-empirical
model similar to that proposed by Simiu and Scanlan to
analyse the vortex-induced vibrations of beams. In particular,
the behaviour of beams near and in the synchronisation
region is considered. The motion equations of the system
(beam and air) are obtained using the finite element method
and the strip method. The aerodynamic excitation forces
perpendicular to the wind flow direction are considered as a
sum of forces due to the turbulence of oncoming flow, the
forces caused by the vortex shedding and forces caused by
the air-structure interaction. The forces due to the air-
structure interaction are described by means of the model
proposed by Simiu and Scanlan. The excitation forces caused
by turbulence and by the vortex shedding are described using
the Fourier series in time. The Fourier components of time
series are determined on the basis of the appropriate power
spectral density functions given in the literature. The time
integration method is used to obtain the transient and steady
state solutions of motion equations. Several exemplary
solutions for beams with cylindrical cross-section are
obtained in the above-mentioned way. The results of
calculations indicate that the typical dynamic behaviour of
beams, observed in experiments, can be modelled if the
aerodynamic constants appearing in the semi-empirical model
have been appropriately chosen.

1.    Introduction

A recent trend in civil engineering is to build slender and
lighter structures, which are often flexible and weakly damped.
The example structures of this class are steel chimneys, bridge
pylons and tall buildings. Due to their mechanical properties,
these structures are very sensitive to wind. In some cases
they can vibrate with large amplitudes which are very
dangerous for the structure. One type of dangerous
vibrations is known as the lock-in phenomenon. The
vibrations of this type are the results of wind passing round a
bluff body and forming an aerodynamic wake. As the
shedding frequency is approximately equal to one of the
natural frequencies of the structure, the structure begins to
vibrate with large amplitudes in the plane perpendicular to the
undisturbed flow direction. The results of experimental works

with a rigid cylinder exposed to air flow, described for example
by Goswami et al. [1], show that the responses of the cylinder
are periodic in the synchronisation region and they are
modulated or multi-harmonic outside this region.

Winds are unsteady and manifest random fluctuations in both
space and time domains. It is well-known that wind
fluctuations can be considered as a stationary process in the
time domain and a non-homogenous process in the space
domain. Consequently, winds are characterised by their
statistical properties and the responses of structures to wind
actions can be described using the stochastic approach (see,
for example, [2]). In the context of vortex-induced vibrations
this approach is used by Vickery and Basu [3,4]. Moreover,
thanks to modern computer technology it is possible to
generate, on the basis of the known wind spectral density
function, the exemplary time histories of wind fluctuations and
analyse the structure behaviour in the time domain.

The problem of vortex-induced vibrations was analysed by
Baroush et al.[5] and Dul et al. [6] who used empirical
aerodynamic models and the time integration methods to
determine steady state vibrations of beams in the
synchronisation region. The periodic steady state vibrations
of beams in the lock-in region were also studied by
Lewandowski [7] who used both the harmonic balance
method and the Newmark method. In this paper only the
periodic responses of structures are discussed because the
harmonic with shedding frequency dominates in excitation
and the non-linear air-structure interaction significantly
increases the same harmonic in the structure response. In the
above articles the empirical models proposed by Scanlan and
co-workers (see [8]) and by Hartlen and Currie (in paper [7])
are used to describe the main characteristics of aerodynamic
forces. The random character of wind is not taken into
account in these papers and the excitations due to wind are
treated as deterministic and harmonic processes in the time
domain. As it was mentioned above, the random character of
wind is taken into account by Vickery and Basu in two papers
[3,4].

2.   Problem formulation
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The considered system (the beam and the flow field) is
divided into finite elements (beam) and strips (flow field). Each
strip is parallel to the direction of undisturbed flow and has a
width equal to the finite element length. The strips are also
perpendicular to the finite elements. The main assumption is
that flows in strips are mutually independent, which means
that the aerodynamic forces are induced only by the flow in
the associated strip. In this paper the transverse vibrations in
the direction of undisturbed wind are neglected and only the
cross-wind vibrations of beam are considered.

2.1   Equation of motion

The motion equation of beams derived using the finite
element method can be written in the following form:

Mw Cw Kw F&&( ) & ( ) ( ) ( )t t t t+ + =  ,        (1)

where the symbols M , C , K , w( )t  and F ( )t  denote the
mass, damping and stiffness matrices and the vectors of nodal
parameters and the excitation forces, respectively. The
superscript dot implies differentiation with respect to time t.

In this paper. the typical two node beam finite element is used.
Each node has two degrees of freedom (i.e. the transverse
displacement w  and rotation ϕ ) and the Hermite’s

polynomials are chosen as the shape functions. The across-
wind transverse displacements of finite elements w z t( , )  can
be described by

w z t z tT
e( , ) ( ) ( )= N w   ,        (2)

where we a a b bt col w w( ) ( , , , )= ϕ ϕ  is the vector of nodal

parameters while w wa b,   and ϕ ϕa b,   are displacements

and rotations at the left end and right end of the finite
elements, respectively. N ( ) ( , , , )z col N N N N= 1 2 3 4  is the

vector of shape functions defined as follows:

N1
2 31 3 2= − +( )η η , N l2

21= −η η( ) ,

N 3
2 33 2= −η η , N l4

2 1= −η η( ) ,

η = z l/ ,        (3)

and l  is the finite element length.

Moreover, it is assumed that the damping matrix is
proportional and can be expressed in the following well-
known form:

C M K= +α β  ,        (4)

where α  and β  are some parameters.

2.2   Description of excitation forces

The semi-empirical model proposed by Scanlan and co-
workers [1,8] is used to describe the aerodynamic forces.
According to this model the across-wind force per unit span
acting on the cylinder is
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where ρ  is the air density, U z( )  is the mean wind velocity,

D z( )  is the characteristic cross-section diameter, v z t( , )  is
the along-wind perturbation of mean wind velocity. Moreover,
Y z1( ) , Y z2 ( ) , C z tL ( , )  and C zD( )  denote the aerodynamic

parameters and the lift and drag coefficients, respectively. The
aerodynamic parameters are functions of the reduced
frequency K D Un= ω / , where ω n  is the chosen natural

frequency of beam. Furthermore, the shedding frequency
denoted by ω s  is also introduced. The shedding frequency

satisfies the Strouhal relation

ω πs D U S/ = 2 ,        (6)

where S ≈ 020.  is the Strouhal number.

The original version of the discussed model, as it is described
by Simiu and Scanlan [8], contains also the term proportional
to transverse displacement w z t( , ) . This term is neglected in

the present formulation because it is small compared to the
term describing the aerodynamic damping and to the term
describing the beam restoring forces.

The first term in equation (5) describes the aerodynamic
damping forces due to wind and, in this paper, is considered
to be the deterministic one. The nature of the second and
third terms is stochastic. The second term describes the
effects of vortex shedding in the wake of the structure at rest
while the third term describes the effects of spectral
turbulence in the oncoming flow.

The vector of equivalent nodal forces is derived in a different
way for the deterministic part (i.e. F z t1( , ) ) and the stochastic

parts (i.e. F z t2 ( , )  and F z t3 ( , ) ) of the aerodynamic forces. It

is assumed that the mean wind velocity U z( )  and the
characteristic dimension D z( )  are constant on the finite
element length. This means that also the aerodynamic
parameters Y z1( )  and Y z2 ( )  are constants. The above

mentioned quantities are now denoted as U e , De , Y e1  and

Y e2 , respectively.

The virtual work of the first part of aerodynamic forces at time
t  can be written as
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where l  is the finite element length, δ δw z t zT
e( , ) ( )= N w  is

the variation of displacement and
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After integration, the matrix D L
e  has the following explicit

form:
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Finally, the vector of nodal aerodynamic forces F1e t( )

equivalent to those described by the first part of F z t( , )  is

        [ ]F D D w w w1e ( ) ( ( ), ( )) & ( )t t t tL
e

NL
e

e e e= +  .        (11)

The probabilistic characteristics of lift factor C tL ( )  and the

fluctuations of wind velocity v t( )  are needed for proper
description of the stochastic parts of aerodynamic forces. The
spectral density of the lift coefficient SCL  is [8]
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where n = 2π ω/ , ns s= 2π ω/ , ω  is the circular frequency

and B  is the empirical parameter determining the bandwidth

of the spectral curve. Moreover, the symbol C L
2  denotes

the rms coefficient of the lift factor CL . The cross-spectral

density of the lift factor can be expressed as

S z z nCL ( , , )1 2 =

       S z n S z n ar arCL CL( , ) ( , ) cos( ) exp( )1 2
22 −  ,        (13)

where

r
z z

U z U z
=

−

+

2 1 2

1 2( ) ( )
 ,        (14)

and a  is a measure of the decay of function
S z z nCL ( , , )1 2 with the distance z z1 2− .

The spectral density function S z nv ( , )  of the lateral velocity

fluctuations v t( )  can be approximated by the formula
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where f nz U z= / ( )  is the Monin co-ordinate and u•  is the

shear velocity. The cross-spectral density function of the
lateral velocity fluctuations is assumed in the following form:

       S z z n S z n S z n fv v v( , , ) ( , ) ( , ) exp( )1 2 1 2
1
3= −
)

 ,      (16)

where
)
f

nC z z

U z U z
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+

2 1 2
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 ,      (17)

and C z = 10 . The factor 1/3 appearing in equation (16) is

taken from Simiu and Scanlan (see [8], page 69).

The mean wind velocity on the level z  above the ground is
given by

U z u z z( ) . ln( / )= •25 0  ,      (18)

where z0  is the roughness length. Sometimes the mean

velocity is assumed to be constant along the beam. Moreover,

CL , B , a  and CD  appearing in relations (5) and (12) - (18)

are determined using formulas given in [8].

On the basis of spectral power density functions SCL  and

Sv  given above it is possible to generate both the exemplary

wind fluctuations histories v z t( , )  and the exemplary
histories of the lift factor C z tL ( , )  treated as stationary

stochastic processes in time. This can be done using the
simulation techniques based on the method of superposition
of harmonic waves with random phases [10] or using one of
the time series methods, for example the autoregressive and
moving average method [11]. In this article, the method of
superposition of harmonic waves, known also as the spectral
representation method, is used to simulate the histories of
fluctuations of v z t( , )  and C z tL ( , )  in time. The detailed

description of the applied version of the spectral
representation method will be given in the next section.

At this stage it is enough to conclude that the exemplary
simulated history of the stochastic parts of aerodynamic
forces can be approximated in space and on the level of the
finite element in the following way

P z t F z t F z te ( , ) ( , ) ( , )= + =2 3
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N z p t N z p ta b1 3( ) ( ) ( ) ( )+  ,      (19)

where p ta ( )  and p tb ( )  are the above mentioned

aerodynamic forces on the left and right end of the finite
element, respectively. Moreover, N z1( )  and N z3( )  are the

shape functions defined by equations (3).

The virtual work of these forces at time t can be written as
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Finally, the vector of nodal excitation forces caused by the
random parts of aerodynamic forces can be written in the
following explicit form:
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The global vector of excitation forces F ( )t  can be now
written in the form:

[ ]F D D w w w P( ) ( ( ), ( )) & ( ) ( )t t t t tL NL= + +  ,        (22)

where the matrices DL  and D w wNL t t( ( ), ( ))  and the vector

P( )t  are the global counterparts of matrices D L
e  and

D w wNL
e

e et t( ( ), ( ))  and the vector Pe t( ) , previously

defined on a level of finite elements.

Taking into account equation (22), we can rewrite the beam
motion equation in the following form:

     Mw C w w w Kw P&&( ) ( ( ), ( )) & ( ) ( ) ( )t t t t t tNL+ + =  ,      (23)

where

     C w w C D D w wNL L NLt t t t( ( ), ( )) ( ( ), ( ))= − −   .       (24)

3.   Simulation of histories of stochastic
      excitation forces

In this section, the method of simulation of exemplary
histories of random function h z t( , )  is described. This
function can be either C z tL ( , )  or v z t( , )  depending on

which terms of aerodynamic forces are taken into
consideration. It is assumed that the power spectral density

function of h z t( , )  is known and denoted by S( )ω . Function

h z t( , )  can be approximated by a set of functions of time

h t h z ti i( ) ( , )= , ( , ,..., )i m= 12  at the nodal points along the

beam i.e. for z zi= . Now, the vector h( )t  can be build from

all h ti ( ) . We assume that on the finite element level function

h z t( , )  can be described with a proper accuracy by

h z t N z h t N z h ta b( , ) ( ) ( ) ( ) ( )= +1 3  ,        (25)

where h ta ( )  and h tb ( )  are these h ti ( )  functions which are

defined at the left and right end of the finite element,
respectively.

Under these assumptions the vector h( )t can be treated as a
set of stationary Gaussian random processes with zero means
and the spectral density matrix S( )ω . The elements Sij( )ω

of S( )ω  are given by

S S Sij i j ij( ) ( ) ( ) ( )ω ω ω γ ω=  ,        (26)

where Si ( )ω  is the power spectrum of h ti ( )  process and

γ ωij ( )  is the coherence function. For C z tL ( , )  and v z t( , )

both functions are given in Section 2.

The correlation matrix R( )τ  of the vector of random
processes h( )t , which is one of the main characteristic of
random processes, is defined by

R h h( ) lim ( ) ( )τ τ= +
→∞ −

∫
T

T

T

T

T
t t dt

1

2
 .        (27)

This matrix can be also calculated on the base of the power
spectral matrix S( )ω . In this case, the elements Rij ( )τ  of the

matrix R( )τ  are given by

R S i dij ij( ) ( ) exp( )τ ω ωτ ω=
−∞

∞

∫  .        (28)

The vector of random processes h( )t  can be expressed in the
form (see [12]):

h Zq( ) ( )t t=  ,        (29)

where Z  is the matrix of eigenvectors of the correlation matrix
R( )τ  determined for τ = 0 . It means that all column vectors
z i  of the matrix Z  satisfy the following equation:

[ ]R I z 0i( )0 − =λ i  ,        (30)

where λ i  is the eigenvalue associated with z i . The

eigenvectors z i  are normalised in such a way that

Z R ZT ( )0 = ΛΛ   ,        (31)
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where Z  is the matrix of eigenvectors z i  and ΛΛ  is the

diagonal matrix of eigenvalues λ i .

On the other hand it can be shown that the vector of
uncorrelated random processes q( )t  appearing in equation

(29) is now normalised in such a way that the auto-correlation
factor of q ti ( )  is equal to the eigenvalue λ i  of the matrix

R( )0 , respectively. Introducing relation (29) into equation
(27) and taking into account the fact that processes q ti ( )  are

uncorrelated, equation (27) becomes

R Z ZT( )0 = ΓΓ  ,        (32)
where

ΓΓ =
→∞ −

∫lim ( ) ( )
T

T

T

T

T
t t dt

1

2
q q  ,        (33)

is a diagonal matrix. Equation (32) can be rewritten in the form

Z R ZT ( )0 = ΓΓ  ,        (34)

because the matrix R( )0  is symmetric and positive definite,

Z Z− =1 T  and Z ZT− = . Now, comparing equations (31)
and (34) we conclude that ΓΓ ΛΛ= .

In the spectral representation method each random process is
expressed in the form of the following truncated Fourier series

q t ti ij j ij
j

N
( ) cos( )= + =

=
∑ β ω θ

1

( cos sin )a t b tij j
j

N

ij jω ω+
=
∑

1
 ,      (35)

where θij  are a set of independent phase angles uniformly

distributed between 0  and 2π . The relations between

β θij ij,   and a bij ij,   are βij ij ija b2 2 2= +  and

tg b aij ij ijθ = − / . Moreover, ω δωj j= −( )1 ,

δω ω= max / N  is the frequency interval, ω max  and N  are

the upper limit of frequencies and the number of frequency
intervals, respectively. The frequency band must contain all
significant natural frequencies of the structure.

Now, the procedure of determination of uncorrelated and
appropriately scaled random processes q ti ( )  will be briefly

described. First, the coefficients 
~
βij  are calculated from the

formula

~
( )β ω δωij i jS= 2  ,        (36)

and the phase coefficients 
~
θij  are determined using the

generator of random numbers. Next we calculate ~aij  and 
~
bij

from

~ ~
cos

~
aij ij ij= β θ  ,        

~ ~
sin

~
bij ij ij= −β θ  .             (37)

The wave over 
~ ~
β θij ij,   and ~ ~

a bij ij,   means that these

quantities describe the random processes ~ ( )q ti  which are, in

general, correlated and not appropriately scaled.
Let us introduce vectors ~ ( ~ ,~ ,....,~ )ai i i iNcol a a a= 1 2  and
~

(
~

,
~

,....,
~

)bi i i iNcol b b b= 1 2 . The cross-correlation factor for

two correlated processes ~ ( )q tk  and ~ ( )q tl  is defined by

µ kl
T

k l
T

T

T
q t q t dt=

→∞ −
∫lim ~ ( )~ ( )

1

2
 ,      (38)

from which after introducing equation (35) and calculating the
resulting integrals we obtain

    2
1

µ kl kj lj kj lj
j

N

k
T

l k
T

la a b b= + = +
=
∑( ~ ~ ~ ~

) ~ ~ ~ ~a a b b  .       (39)

The above cross-correlation factors will be equal to zero and
random processes  ~ ( )q tk  and ~ ( )q tl  will be uncorrelated if

both terms in relation (39) are separately equal to zero i.e.,
~ ~a ak

T
l = 0  and 

~ ~b bk
T

l = 0 . This means that the considered

problem can be reduced to orthogonalization of two sets of

vectors ~ai  and 
~
bi , ( , ,...., )i m= 12 , separately. The process

of orthogonalization can be done using the Gram - Schmidt
procedure. The Fourier coefficients obtained after the

orthogonalization procedure will be denoted by $aij  and $bij  or

by $ai  and $bi  if the matrix notation is used. The random

processes $ ( )q ti  obtained in this way are uncorrelated but

they are not appropriately scaled.

The auto-correlation factor of the process $ ( )q ti  can be

written in terms of $aij  and  $bij  after introducing relation (35)

into equation (33) and calculating the resulting integrals to
obtain

     2 2 2

1
µ ii ij ij

j

N

i
T

i i
T

ia b= + = +
=
∑ ( $ $ ) $ $ $ $a a b b  .        (40)

From the above equation it is easy to conclude that the
random process $ ( )q ti  can be normalised in such a way that

µ λii i=  if the coefficients in the Fourier series (35) are given

by

    a aij ij i ii= $ /λ µ  ,     b bij ij i ii= $ /λ µ  .        (41)

Finally, the history of the stochastic part of aerodynamic force
p tk ( )  acting on level z zk=  is described by

   p tk ( ) =
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where the symbol Zki  denotes an element of matrix Z .

Moreover, a bij
C

ij
C ,   and a bij

v
ij
v ,   are the Fourier coefficients

of exemplary histories of C z tL k( , )  and v z tk( , ) ,

respectively.

4.   Solution of motion equation

The in time integration method is used to obtain both the
transient and steady state solutions of the motion equation
(23). The well known version of the Newmark method called
the average acceleration method is chosen. The method is
briefly described in this section.

For convenience, equation (23) is first rewritten in the
following form:

R Ma C w v Kw P 0NL( ) ( ) ( ( )) ( ) ( ) ( )t t t t t t= + + − =  ;   (43)

where R( )t  is the residual vector which vanishes in an
equilibrium state and v w( ) & ( )t t= , a v( ) &( )t t= .

The following Newmark formulas:

w w v a an n n n n+ += + + +1
1
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give us the system state in time t tn n+ = +1 τ , where τ  is a

small time interval, if both the state in tn  (i.e. the a v wn n n, ,  

vectors) and the an+1  acceleration vector are known. If the

motion equation is understood as the equilibrium equation in
time tn+1  , i.e. if

R Ma C w v Kw P 0NLn n n n n n+ + + + + += + + − =1 1 1 1 1 1( ) ,  (46)

the solution of equations (44) - (46) will determine the system
state in time tn+1 . Equation (46) is non-linear and the Newton

method is needed to solve it. This equation is treated as non-
linear with respect to an+1  and the associated incremental

equation has the form
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where I  is a diagonal matrix and

C C D D v wt n 1= − − + +L NL n2 1( , )  ,        (50)

the matrix M t  is given by

       M M C Ktt = + +1
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i

+
+

1
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a a an
i

n
i

+
+

+= +1
1

1 δ  ,        (52)

where the superscript indicates the number of iteration. At the

beginning a an n+ =1
0 .

The iterations are repeated until the following inequalities are
satisfied:

         R Pn 1 n 1+ +≤ ε1  ,       δ εa an 1
i 1≤ +
+

2  ,              (53)

where ε1  and ε2  are the assumed accuracy of calculation.

Starting with some given initial conditions, the system of
equations (44) - (46) is solved and the solution of motion
equations can be determined by applying the above method
recurrently for certain number of intervals τ . The steady state
solution can be obtained in this way as well.
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Figure 1: Model parameter  Y2  versus reduced velocity
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5. Results of numerical simulations

The fixed-free beam subjected to wind excitation forces is
chosen as an example structure. The cylindrical cross-section

of the beam is D m= 12.  , the beam length is L m= 320.  , and

the bending rigidity is EI kNm= 2 0 106 2.   . Based on the
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Figure 2. Response of free end of beam (U=6m/sec)
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Figure 3. The nodal excitation force versus time (U=6m/sec)
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Figure 4. Response of free end of beam (U=7m/sec)
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Figure 5. Response of free end of beam (U=8m/sec)

finite element concept, the beam is discretized into ten
elements. The first two natural frequencies of the beam are
ω1 7 2387= . / rad s  and ω 2 4536= . / rad s . Furthermore,

the proportional damping properties of the beam are assumed
and parameters α  and β  appearing in equation (4) are

chosen in such a way that the non-dimensional modal
damping of the first and second modes is equal to 0.003. The

air density is ρ = 120 3. / kg m  and the Strouhal number is

S = 0 2. . The mean wind velocity is assumed to be constant
along the beam. Moreover, C z = 10 , CD = 0 4.  and

z0 0 2= . . The values of parameters of the lift factor spectral

density functions (12) and (13) are B = 01. , a = 1 3/  and
CL = 01. . Three hundred harmonics are taken into account

when time histories of v ti ( )  are generated and fifty

harmonics are used when the C tLi ( )  histories are generated.

In general, the values of aerodynamic parameters Y1  and Y2

are functions of the reduced frequency K  or the reduced
velocity V . The reduced velocity is defined by
V U f Dn= / ( )  where fn n= ω π/ 2 . For a given mean

velocity these parameters can be determined, on the basis of
experimental results, using methods described in [8], [13] and
[14]. For the cylindrical segment, in [15], we can find diagrams
on which the model parameters versus the reduced velocity
are presented. In the discussed numerical simulations the first
parameters i.e. Y1  is assumed to be nearly constant. Y1 2=  or

Y1 3=  in all presented cases. The second aerodynamic

parameter Y V2 ( )  versus the reduced velocity is shown in

Figure 1, as in paper [15]. However, the model presented in
[15] contains also the parametric excitation which is absent in
the model presented here. For this reason, Figure 1 gives only
the very approximate data for Y2 .
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Below we describe the typical results obtained in the course
of extensive numerical simulations. The results refer to the
wind with uniform mean velocity, i.e. the mean wind velocity
does not change along the beam. In Figure 2 we see the in
time vibrations of the free end of beam in the case when the
mean wind velocity U m s= 6 /  (i.e. V = 4 34. ) The value of
the parameter Y2  is chosen to be Y2 200000 0= − . . The

corresponding nodal excitation force acting on the free end of
beam is shown in Figure 3. From Figure 2 we see that the
amplitudes of vibrations are small and few harmonics take part
in the beam response. As it is described in literature, this is
the typical behaviour of beam before the lock-in region.

Now, the behaviour of the proposed model in the lock-in
region will be presented. In Figure 4 we see the beam
response when the mean wind velocity U m s= 7 /  (i.e.
V = 5 06. ) and when the aerodynamic parameters are Y1 3=
and Y2 40 0= − . . The beam response is periodic and the

amplitudes of vibrations are large. The frequency of beam
response is approximately equal to the first natural frequency
of beam. It is obvious that also in this case the qualitative
agreement of the real structure and the proposed numerical
model is observed.

Figure 5 presents the results obtained for U m s= 8 /
(V = 5 78. ). The aerodynamic parameters are Y1 3=  and

Y2 200000 0= − . . In this case the mean wind velocity is

greater than mean velocities corresponding with the lock-in
region. Once again we see the typical behaviour reported in
the literature. The beam response contains few harmonics and
the amplitudes of vibrations are not too large.

6.   Concluding remarks

In this paper the computational model for simulation of
vortex-induced vibrations of beams near and in the lock-in
region is presented. The main aerodynamic properties of air
are taken into account using a model similar to that proposed
by Simiu and Scanlan [8]. The extension of this model to
beams treated as multi-degree-of-freedom systems is
proposed. Several numerical analyses were carried out for
beams with cylindrical cross-section. The results of analyses
clearly show that the proposed numerical model can produce
the typical beam responses which are observed near and in
the lock-in region.
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