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SUMMARY: In this paper, the strip and finite eement methods together with the Hartlen-Currie type
vortex-shedding model are employed to study the vortex-induced vibration of beams in a synchronisation
region. Both the trangent and steady state behaviour of beams are andlysed. The time integration method
and the harmonic balance method are used to solve the equations of motion. The Newmark method is used
to determine the transent and steedy State behaviour of beams. The harmonic balance method is used to
determine the periodic responses. The amplitudes of vortex-induced vibration are determined by solving
the so-called amplitude equation with a help of continuation method. The mean wind veocity is chosen as
the main parameter. The results obtained by both methods are compared.

1. INTRODUCTION

Sender engineering structures are to be sendtive to wind induced vibrations such as vortex-shedding
gdloping and torsond flutter. In civil engineering goplication, we are often mainly interested in the maximum
vortex-induced response of gdructure. For this reason, the empiricd modes providing a ressonable
approximation of aeroelagtic response are useful. Among models of this kind the one proposed by Hartlen
and Currie[1] isin quite good agreement with the experimenta data. In paper [1] the eastically supported,
rigid cylinder in air flow is congdered. Cylinder mation is regtricted to pure trandation in the direction
perpendicular to the flow direction and cylinder axis. The equations of motion for this model can be written
in the following form:

W+ 2XW + w=aw’c, , ¢ - aw,e +a@’ /w, +wic, =bw, (@)
where w, ¢ ,X, W, &, g, a, b are the cylinder displacement, the , hidden” aerodynamic varigble
interpreted as the lift coefficient, the damping factor for cylinder, the shedding frequency which is
proportiona to the wind mean veocity U, and some aerodynamic condants, respectively. The
aerodynamic condants are determined experimentdly. Equation 1.2 is the non-linear, van der Pol
differentid equation. More detailed description of the mentioned modd is given in [1]. In next section, the
Hartlen - Currie moddl will be extended for beams trested as systems with multi degrees of freedom.

2. EQUATIONS OF MOTION

The congdered system (the beam and flow fidd) is divided into finite dements (beam) and drips (flow
field). Each grip is pardld to the direction of undisturbed flow and has a width equd to the finite eement
length. The grips are dso perpendicular to the finite dements. The main assumption is that flows in gtrips



are mutudly independent which means that the aerodynamic forces are induced only by flow in the
associated grip. The digtribution of lift coefficient dong the strip width is assumed in the following form:

¢ (x,t) =NT (e, (1) @
where N (X) = col (N, (x), N,(x)), N,(x)=1- h, N,(x)=h, h=x/l, c_,=col(c,,c,) aethe
vector of shape functions and the vector of noda parametersfor strip, respectively.

The cross-wind transverse displacements w of the typica two node beam finite eement with two degrees
of freedom per node are described by using the Hermitan polynomias shape functionsii.e.

W(x,t) =Ng ()W (1) ©)
where N, (x) =col (N, (x), N,(x), N5 (x), Ng(x)) and w,(t) =col(w,,f_,w,,f, ) ae the vector of
beam shape functions and the vector of nodal parameters, respectively.

The kinetic and potentid energy of finite dement can be written in the form

TS =W Miw, WS =Zw Kow, 4)
where M ; and K| arethe mass and stiffness matrices, respectively.

The virtud work of non-conservative forces conssts of damping term and the externa excitetion term. The
damping term is represented by

d, =dw;Dyw, ©)
where the damping matrix isgivenby Dy =k M| +k K} (k,, k, are some parameters).
The aerodynamic externa forces acting on beam are assumed to be smilar in amathematical form depicted
in the Hartlen - Currie model so the virtua work of these forces can be written as

ty tr | ty
OFLsadt =00pw(¥) 3 U * (x)d(x)c, (x t)axdt = Gvedw, Stc, (t)at (6)
ty t; 0 ty
where symbols r, U(x), d(x), denote the air dengity, the mean velocity of wind and the cross-section
characterigtic dimension. Thematrix S} is defined by

- _D’ped, |,
S = gprsr QU (INLO0eX ™)
where w, =2pSU / D, D is the reference cross-section dimension, Sisthe Strouna number, d, is the

non-dimensiond cross-section characteristic dimension and | isthe length of eement.

Equation (1.2) in the Hartlen-Currie mode describes the motion of some atificid variable which
characterises the flow action in a globadly way. This equation take into account only the primary
characteristic deduced from experiments. However, many details connected with flow are omitted. From
the mathematica point of view Egn (1.2) could be undersood as the motion equation of fictitious
mechanicad oscillator with non-linear damping characteridic. In order to make possble the wesk
formulation for whole consdered system the ‘kinetic and potentia energy’ and the “virtud work of non-
conservative forces for the ficitous oscillators are dso introduced. Of course, these quantities must be
consdered as some kind of functional which lead us to the counterparts of Eqgn (1.2) in case of system
with many degrees of freedom. The ‘kinetic and potentid energy’ for lift coefficient is defined asfollows:

T =3eMic, W =3wicK e, )

where
2 |

M2 =T8N CONT 0o, K =2 &y, GoNT (g ©



The ‘virtud work of damping forces for ‘hidden variable' is defined by:

t |

QO (- aw,€, (x,1) + @7 (X, 1) /w,)dxdt = tépbl[- WD} W'D}y (€..C.)[e. (Dt (10)

t, 0 ty
where
_a.p.
T ld,
The norHlinear damping metrix D3, (€., ¢,) is the quadratic function of velocity of noda parameters. In
above relaions the symbols a, and g, denote the constants which must be determined experimentally
and they can be different for each strip. The ‘virtud work of externd forces' is defined by:

ONL(INT(Xdx, DY (€., ¢.) =g|erec‘j\lI(X)Ce(t)CZ(t)NL(X)NL(X)NI(X)dX- (11)

e 0 e 0
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e_b |
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0

The equations of motion are derived on abassof Hamilton principle, which ates that

t
gd(T-w)+d fdt=0, (14)
t1
where d isthe variational operator and T, W and dL denote the total kinetic and potentia energy of system
and the virtua work of non-conservetive forces, respectivey. Using the Hamilton principle we can derive
the following equations of motion for the typica beam eement and strip, respectively:
R =MW, (t) + Dyw,(t) +Kiw, (1) - W;S{c, (1) , (15)
R =M (t) - WD E, (1) + W, D5, (€. (1), C. (D)L, (1) +WZK c (1) - Sow, (1) . (16)
After assembling procedure the motion equations for the entire system can be written as:
R, (t)=M Ww(t)+ D w(t) +K w(t) - w’S c(t)=0 , (17)
R () =M e(t) - w,D e(t) +w,'D,, (e(t), e(t))e(t) + WK c(t) - S,w(t) =0, (18)
where M, M, D,, D, D (¢(t),c(t), K,, K ,S,, S, w(t), c(t) arethe globa counterparts
of previoudy defined, on alevel of eement and strip, matrices and vectors. The resdua vectors R (t)
and R (t) vanishinan equilibrium Sate.

3. SOLUTION OF MOTION EQUATIONS BY THE NEWMARK METHODS
For convenience, Eqns (17) and (18) are fird rewritten in the following more compact form:

R(t) =Ma(t) + D(v(t))v(t) +Kd(t) =0 ; (19
where
R =col(R,,R.), d(t)=col(w(t),c(t)) , v(t)=d{t) , a(t)=v(t) ,
M, 0 u eK, -WS U é D, 0 u
M=a g, K=é a, D=g¢ ., a -
eo MLU @O V\éKL 9] é- Sb -WSDL +WSDNL(V’V) a

Thefdlowing Newmark formulas.
d. =d +tv_+025%°(a,. +a,) , V.., =V, +058(a,., +a,) , (20)
give usthe sysem dateintime t ,, =t +t , where t isthe smdl time interva, if the gatein t (i.e.

n+l n+l



vectors a,, v,, d,) and the acceleration vector a,,, ae known. If the motion equation will be
understood asthe equilibriumoneintime t,,, ,i.e.

R,. =Ma,, +D(v )V, +Kd,, =0, (21)
asolution of Egns. (20)-(21) give us the system date in time t_,,. Egn. (21) is non-linear one and the

Newton method is needed to solve it. Starting with the given initid conditions, the solution of motion
equations can be determined by applying recurrently the above method for number of t intervas

n+l

4, HARMONIC BALANCE METHOD - DERIVATION OF AMPLITUDE EQUATIONS
The steady State, periodic response of systemn can be described in afirst approximation by:

w(t) =w_ coswt +w_Sinwt , w,(t) =w,_ coswt + w_ Sinwt , (22
c(t) = c, coswt +c_ sinwt c.(t) =c_, coswt +c_sinwt ,
(23)

where w_, w, C, C,, W, W, C,, C, are the unknown vectors of harmonic amplitudes of nodal
parameters of beam and drips on a level of entire system and the finite element and dirip, respectively.
Also the frequency of oscillation wv is the unknown quantity. In this work, the solution with only one
harmonic is taken into account because the results of experiments show that it is sufficiently accurate in the
synchronisation region. The in time Gaerkin procedure is used to derive the amplitude equations. These
equations follow from the Gaerkin conditions which gtate that:

ce’

T T T T
%C‘Rb(t)coswtdt =0, %(‘j?b(t)sinwtdt=0, %(‘j?L(t)coswtdt =0, %d?L(t)sinwtdt=O, (24)
0 0 0 0

where T = 2p/w denotes the period of limit cycle. The resdud vectors R, (t), R (t) appearing in
Egn (25) are determined by introducing the assumed solution of motion equations into Eqs (17) and (18).
After cdculation of resulting integras, from the Gaerkin conditions one obtains the following set of non-
linear dgebraic equations.
(K, - WM )W, +WD,w, - WIS ¢, =0, (25)
WD, W, + (K, - WM, )W, - WS, ¢, =0, (26)
(VViK L - WM L)Cc -ww,D c, + %WSW_SI[DNL (Cc'cc) +D (Cs’cs)]cs -We,w, =0, (27)
ww,D ¢, - 3WW,'[Dy (C,.c,) + Dy (C,.C)]c, + WK | - WM )c +wS,w, =0 . (28)
The elements of non-linear matrix D, (c,,c,) aredefined onastrip level asfollow:

dy, = B12¢, ¢, +3(CoCy +CuCer) +26,,C] » Oy = B2¢,C, +3(C,Cq +CCo) 12,4 ]
C|12 = d21 = t13(:cacsa + 2(Ccacsb + chcsa) + 3chcsb ' b = gede/(BOpe) ’
Using the following notation:

- XK . - WM, +WD - WAS u

K(VV,WS,E):g P ~b b) ~ _~ sTL - 01

e " WS, (WiK L w'M L~ WDy +%W3W31DNL (C.C) g
~ S 0 ¢ ~ 4 0 ~ 0 D,y ~ 4
Mb:gMb E’ Kb:g<b H’ Db:g bga SL éél_ ﬂ,a_C(j(W,E)
60 Mg 60 Ky &D, 0 g 60 S



~ é 0 DNL(CC’CC)+DNL(CS1CS)Q

D = A ) EZCOI(CC’CS)
" g_DNL(Cc’Cc)_ DNL(CS1C5) 0 H
the mentioned amplitude equations can be rewritten in the following compact form:
G(w,w,,a) =K (ww,,c)a=0. (29)

5. CONTINUATION PROCEDURE
Equation (29) is solved for different w, (or U dueto relation w, =2pSU / D) by using the continuation

method. The wind velocity is chosen as a main parameter. Obvioudy, a = 0 is the solution of amplitude
eguation. Moreover, it is easy to verify that if w and at O are for the particular U, the solution of
amplitude equation then w, and - @ are dso the solution. It isfollow from facts that the amplitude equation
Is homogenous and the non-linear matrices of type D, (c.,c,) are the quadratic functions of amplitudes

of lift coefficents ¢, and c,. The non-trivia solution of amplitude equation is represented by a sequence of
vortex-shedding frequency, frequency of periodic response and the amplitude vectors, i.e. "w,, "w, "a
for m=1,2,... For any incremental step, the vector ™a and ™w,, ™w of the proceeding step is assumed
to be given. The purpose of an incrementa process is to find the following increments Dw,, Dw, Da
which can be accumulated to yidld:
™w, ="w,+Dw, ™w=w+Dwn, ™a="a+Da. (30)

In the equation (29) there are n+ 1 unknowns (i.e. w, w and ¢ ). However, since the considered dynamic
system is autonomous, one of the Fourier coefficients can be fixed (eg. w,,, =0 or c., =0), which

causes only a shift of response on the time axis. The above mentioned autonomous condition and the
following condraint equation:

DV DN/ nj + DE'DS/ ni =(Ds)?, (3D
are added to the matrix amplitude equation. These set of non-linear equations can be solved only by an
iterative procedure. A detailed description of continuation method can be found in [2].
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6. NUMERICAL RESULTS



As a firsg example the rigid cylinder dasticdly supported at both ends is consdered. The results of
cdculation are shown in Figs 1 and 2. The results obtained by the harmonic balance method are shown as
the solid lines whereas the ones obtained by the Newmark method is pictured by the small crosses. The
perfect agreement between results of both methodsis visble.

Moreover, the results for fixed-free beam is dso presented. The following data are used: the beam length
L=32.0 m, the beam cross-section diameter D=1.2 m, the bending rigidity EJ =2.0 10° Nm? The beam
is divided into 10 elements. The first natura frequency is w, = 7.2387 rad/s and the damping matrix is
caculated in such away that the moda damping ratios for first and second modes are 1.0 per cent. The air
densty r =12 kg/ m®, the Strouha number S=0.20 and the aerodynamic congtants are a = 0.02,
b=0.4, g=2/3. Thewind speedisequa U in arange of first 8 e ements from the top of beam and equa
zero for others. The results of caculation is shown in Fig.3 where the ones obtained by the harmonic
bal ance method are shown as the solid line whereas the ones obtained by the Newmark method is pictured

by the small crosses. In this figure the amplitude of vibration of the top of beam versus shedding frequency
is shown. A good agreement between results of both methods is obtained.
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Fig.3 The fixed-free beam - top amplitude vs. shedding frequency

7. CONCLUDING REMARKS

In this paper, the computational methods for analysis of vortex-induced vibration of beams are presented.
Both the trangent and deady State solutions are determined by means the time integration. The semi-
andyticd method are employed to determine the steady dtate solution for set of vaues of mean wind
velocity. The vaidity of the harmonic balance results are confirmed by means the time integration method
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